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Abstract
We develop a new off-shell formulation for five-dimensional (5D) confor-
mal supergravity obtained by gauging the 5D superconformal algebra in su-
perspace. An important property of the conformal superspace introduced is
that it reduces to the superconformal tensor calculus (formulated in the early
2000’s) upon gauging away a number of superfluous fields. On the other
hand, a different gauge fixing reduces our formulation to the SU(2) super-
space of arXiv:0802.3953, which is suitable to describe the most general off-
shell supergravity-matter couplings. Using the conformal superspace approach,
we show how to reproduce practically all off-shell constructions derived so far,
including the supersymmetric extensions of R2 terms, thus demonstrating the
power of our formulation. Furthermore, we construct for the first time a su-
persymmetric completion of the Ricci tensor squared term using the standard
Weyl multiplet coupled to an off-shell vector multiplet. In addition, we present
several procedures to generate higher-order off-shell invariants in supergravity,
including higher-derivative ones. The covariant projective multiplets proposed
in arXiv:0802.3953 are lifted to conformal superspace, and a manifestly super-
conformal action principle is given. We also introduce unconstrained prepo-
tentials for the vector multiplet, the O(2) multiplet (i.e., the linear multiplet
without central charge) and O(4 + n) multiplets, with n = 0, 1, . . . Superform
formulations are given for the BF action and the non-abelian Chern-Simons ac-
tion. Finally, we describe locally supersymmetric theories with gauged central
charge in conformal superspace.
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1 Introduction
Minimal supergravity in five spacetime dimensions1 (5D) was introduced more
than three decades ago by Cremmer [4] and independently by Chamseddine and
Nicolai [5]. A year later, an off-shell formulation for this theory was sketched by
Howe [6] (building on the supercurrent multiplet constructed by him and Lindstro¨m
[7]), who used superspace techniques and provided a 5D extension of the so-called
N = 2 minimal supergravity multiplet in four dimensions [8]. Since then, 5D minimal
supergravity and its matter couplings have extensively been studied at the component
level, both in on-shell [9, 10, 11, 12] and off-shell [13, 14, 15, 16, 17, 18, 19, 20, 21, 22]
settings. The superspace approach to general off-shell 5D N = 1 supergravity-matter
systems has been developed in [23, 24, 25].2
Off-shell formulations for supergravity make the supersymmetry transformation
laws of fields model-independent and, in principle, offer a tensor calculus to gener-
ate arbitrary supergravity-matter couplings. A non-conformal tensor calculus for 5D
N = 1 supergravity was developed by Zucker [13, 14] (see also [15] for a review and
applications). By making use of Howe’s minimal supergravity multiplet [6] and the
supercurrent multiplet [7] (both carefully reduced to components), he extended to
five dimensions various off-shell techniques developed for 4D N = 2 matter-coupled
supergravity (see, e.g., [27] for a review). A more complete approach is the 5D super-
conformal tensor calculus developed independently by two groups: Fujita, Kugo, and
Ohashi3 [16, 17, 18, 19] and Bergshoeff et al. [20, 21, 22]. Among the most interesting
off-shell constructions obtained by applying the 5D superconformal calculus are (i)
the non-abelian Chern-Simons action coupled to conformal supergravity [17], (ii) the
1Historically, different authors use different notations, N = 1 or N = 2, for 5D supersymmetric
theories with eight supercharges. We choose to use N = 1 following, e.g., [1, 2, 3].
2Refs. [23, 24] made use of Howe’s minimal supergravity multiplet [6]. Ref. [25] developed
a superspace formulation for conformal supergravity, which in this paper will be referred to as
SU(2) superspace. In five dimensions, there is only one superconformal algebra, F2(4) [26], and it
corresponds to the choice N = 1. This is why one can simply speak of 5D conformal supergravity.
3Actually Refs. [16, 17] presented the 5D tensor calculus in which some of the superconformal
symmetries (S and K) are gauge fixed.
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massive tensor multiplet models [19], and (iii) the supersymmetric completions of R2
terms [28, 29, 30, 31].
Within the component approaches of [13, 14, 15, 16, 17, 18, 19, 20, 21, 22], hyper-
multiplets are either on-shell or involve a gauged central charge. As is well known,
such hypermultiplet realizations cannot be used to provide an off-shell formulation
for the most general locally supersymmetric sigma model. It is also known that such
a sigma model formulation, if it exists, requires the use of off-shell hypermultiplets
possessing an infinite number of auxiliary fields. The latter feature of the off-shell
hypermultiplets makes them extremely difficult to work with at the component level.
This problem was solved within the superspace approach to 5D N = 1 supergravity-
matter systems [23, 24, 25] by putting forward the novel concept of covariant pro-
jective multiplets. These supermultiplets are a curved-superspace extension of the
4D N = 2 and 5D N = 1 superconformal projective multiplets [32, 33]. The lat-
ter reduce to the off-shell projective multiplets pioneered by Lindstro¨m and Rocˇek
[34, 35, 36] in the 4D N = 2 super-Poincare´ case and generalized to the cases of
5D N = 1 Poincare´ and anti-de Sitter supersymmetries in [2] and [3], respectively.
Among the most interesting covariant projective multiplets are polar ones that have
infinitely many auxiliary fields and indeed are suitable to realize the most general lo-
cally supersymmetric sigma model. These have never appeared within the component
settings of [13, 14, 15, 16, 17, 18, 19, 20, 21, 22].
This paper is devoted to new applications of the superspace approach to 5D N = 1
matter-coupled supergravity [23, 24, 25]. In order to make a better transition to the
superconformal calculus of [16, 17, 18, 19, 20, 21, 22], we present an extension of
the superspace formulation for 5D conformal supergravity given in [25]. Such an
extension is based on the concept of conformal superspace [37, 38, 39].
Conformal superspace is an off-shell formulation for conformal supergravity based
on gauging the superconformal algebra in superspace. It was originally developed for
N = 1 and N = 2 supergravity theories in four dimensions [37, 38] and more recently
for N -extended conformal supergravity in three dimensions [39].4 For example, one
may think of the 4D N = 1 or N = 2 conformal superspace as a superspace analogue
of the corresponding superconformal multiplet calculus developed many years earlier
in the component setting, see e.g. [27] for a pedagogical review, since both approaches
4In the physics literature, the name “conformal space” has been used since the 1930s. It was Dirac
[40] who, following Veblen [41], introduced it for the conformal compactification of 4D Minkowski
space, on which the conformal group acts transitively. Since the 1980s, the name “conformal super-
space” has also been used for supersymmetric extensions of this construction [42] (see also [32, 43]
for more recent presentations). We hope no confusion may occur in our usage.
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are gauge theories of the superconformal group. From a technical point of view,
conformal superspace is a more general setting, since the gauge superfields contain
more component fields and the gauge group is much larger than in the superconformal
calculus. However, it turns out that the former formulation reduces to the latter
upon gauging away a number of superfluous component fields. On the other hand, a
different gauge fixing allows one to reduce conformal superspace to more traditional
superspace settings. For instance, in the 4D N = 2 case a certain gauge fixing reduces
the conformal superspace of [38] to the so-called U(2) superspace [44], which has
been used to construct the most general off-shell supergravity-matter couplings [45].
Thus conformal superspace provides a bridge between the component superconformal
calculus and more traditional superspace formulations for conformal supergravity.
Recent applications of the conformal superspace approach have involved con-
structing (i) the N -extended conformal supergravity actions in three dimensions for
3 ≤ N ≤ 6 [46, 47], and (ii) new higher-derivative invariants in 4D N = 2 supergrav-
ity, including the Gauss-Bonnet term [48]. This paper is the first to explore applica-
tions of conformal superspace in five dimensions. In particular, we will demonstrate
that the formalism of conformal superspace provides new tools to construct vari-
ous composite primary multiplets that can be used to generate higher-order off-shell
invariants in supergravity, including higher-derivative ones.
This paper is organized as follows. Section 2 describes the geometry of confor-
mal superspace in five dimensions. In particular, we present the procedure in which
the superconformal algebra is gauged in superspace and show how to constrain the
resulting geometry to describe conformal supergravity, thus deriving a new off-shell
formulation. We also describe the Yang-Mills multiplet in conformal superspace. In
section 3 we show how the superspace formulation for conformal supergravity pro-
posed in [25] may be viewed as a gauge-fixed version of conformal superspace. Section
4 is devoted to uncovering the component structure of conformal superspace and com-
paring it to the existing superconformal tensor calculus [18, 19, 20, 21, 22]. In section
5 we lift the covariant projective multiplets of [23, 24, 25] to conformal superspace.
A general procedure to generate such multiplets is given. We also present a universal
locally supersymmetric action principle. Section 6 presents prepotential formulations
for the vector multiplet in conformal superspace. In section 7 we develop a prepo-
tential formulation for the O(2) multiplet and discuss its universal role in generating
actions. We also provide a prepotential formulation for O(4+n) multiplets. Sections
8, 9 and 10 are devoted to superform formulations of the BF, abelian and non-abelian
Chern-Simons actions, respectively. In section 11 we describe multiplets with gauged
central charge in conformal superspace by giving their superform formulations. In
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particular, the linear multiplet with central charge, two-form multiplet and large ten-
sor multiplet are discussed. Section 13 is devoted to a description of the dilaton Weyl
multiplet and its variants with the use of superforms. In section 14 we present sev-
eral procedures to generate higher-order off-shell invariants in supergravity, including
higher derivative ones. Concluding comments are given in section 15.
We have included a number of technical appendices. In Appendix A we include
a summary of our notation and conventions. In Appendix B we derive the supercon-
formal algebra from the algebra of conformal Killing supervector fields of 5D N = 1
Minkowski superspace. In Appendix C we give an alternative covariant derivative al-
gebra based on a new vector covariant derivative with a deformed S-supersymmetry
transformation. Appendix D describes how our component field conventions relate to
those of superconformal tensor calculus. In Appendix E we give the O(2) multiplet
prepotential formulation in harmonic superspace. Appendix F discusses the gauge
freedom for the O(2) multiplet. Finally, in Appendix G we derive prepotentials for
the O(4 + n) multiplets in harmonic superspace.
2 Conformal superspace in five dimensions
Conformal superspace in four [37, 38] and three [39] dimensions possesses the
following key properties: (i) it gauges the entire superconformal algebra; (ii) the
curvature and torsion tensors may be expressed in terms of a single primary superfield;
and (iii) the algebra obeys the same basic constraints as those of super Yang-Mills
theory. In this section we will show how these properties may be used to develop
conformal superspace in five dimensions. We will present the superconformal algebra
and the geometric setup for conformal superspace based on gauging the entire algebra.
We then show how to constrain the geometry to describe superconformal gravity
by constraining its covariant derivative algebra to be expressed in terms of a single
primary superfield, the super Weyl tensor. We conclude the section by discussing
an application and turning on a Yang-Mills multiplet in the conformal superspace
setting.
2.1 The superconformal algebra
The bosonic generators of the 5D superconformal algebra F2(4) [26] include the
translation (Paˆ), Lorentz (Maˆbˆ), special conformal (Kaˆ), dilatation (D) and SU(2)
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generators (Jij), where aˆ, bˆ = 0, 1, 2, 3, 5 and i, j = 1, 2. Their algebra is
[Maˆbˆ,Mcˆdˆ] = 2ηcˆ[aˆMbˆ]dˆ − 2ηdˆ[aˆMbˆ]cˆ , (2.1a)
[Maˆbˆ, Pcˆ] = 2ηcˆ[aˆPbˆ] , [D, Paˆ] = Paˆ , (2.1b)
[Maˆbˆ, Kcˆ] = 2ηcˆ[aˆKbˆ] , [D, Kaˆ] = −Kaˆ , (2.1c)
[Kaˆ, Pbˆ] = 2ηaˆbˆD+ 2Maˆbˆ , (2.1d)
[J ij , Jkl] = εk(iJ j)l + εl(iJ j)k , (2.1e)
with all other commutators vanishing. The superconformal algebra is obtained by
extending the translation generator to PAˆ = (Paˆ, Q
i
αˆ) and the special conformal gen-
erator to KAˆ = (Kaˆ, Sαˆi), where Q
i
αˆ and S
i
αˆ are an imaginary and a real pseudo-
Majorana spinor, respectively (see Appendix A).5 The fermionic generator Qiαˆ obeys
the algebra
{Qiαˆ, Q
j
βˆ
} = −2i εij(Γcˆ)αˆβˆPcˆ , [Q
i
αˆ, Paˆ] = 0 , [D, Q
i
αˆ] =
1
2
Qiαˆ , (2.1f)
[Mαˆβˆ, Q
i
γˆ] = εγˆ(αˆQ
i
βˆ)
, [J ij , Qkαˆ] = ε
k(iQ
j)
αˆ , (2.1g)
while the generator Siαˆ obeys the algebra
{Siαˆ, S
j
βˆ
} = −2i εij(Γcˆ)αˆβˆKcˆ , [Sαˆi, Kaˆ] = 0 , [D, Sαˆi] = −
1
2
Sαˆi , (2.1h)
[Mαˆβˆ, S
i
γˆ] = εγˆ(αˆS
i
βˆ)
, [J ij , Skαˆ] = ε
k(iS
j)
αˆ . (2.1i)
Finally, the (anti-)commutators of KAˆ with PAˆ are
[Kaˆ, Q
i
αˆ] = i(Γaˆ)αˆ
βˆSi
βˆ
, [Sαˆi, Paˆ] = i(Γaˆ)αˆ
βˆQβˆi , (2.1j)
{Sαˆi, Q
j
βˆ
} = 2εαˆβˆδ
j
iD− 4δ
j
iMαˆβˆ + 6εαˆβˆJi
j . (2.1k)
One may explicitly check that the (anti-)commutation relations (2.1) are consistent
with the Jacobi identities and thus define a superalgebra. A shorter way to convince
oneself of the algebraic structure required is to notice that the (anti-)commutation
relations (2.1) follow from the algebra of conformal Killing supervector fields of 5D
N = 1 Minkowski superspace [32], see Appendix B for the technical details.
5Our convention for Siαˆ is chosen to match the 4D convention [38] upon dimensional reduction.
This means, for example, that contractions between K
Aˆ
and the corresponding gauge parameters,
connections, and curvatures must be interpreted with care: for example, ΛAˆK
Aˆ
should be understood
as ηαˆiSαˆi + Λ
aˆ
KKaˆ with Λ
Aˆ = (ηαˆi,ΛaˆK), while ξ
AˆP
Aˆ
= ξαˆi Q
i
αˆ + ξ
aˆPaˆ with ξAˆ = (ξ
αˆ
i , ξ
aˆ).
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2.2 Gauging the superconformal algebra
To perform our gauging procedure, we begin with a curved 5D N = 1 superspace
M5|8 parametrized by local bosonic (x) and fermionic coordinates (θi):
zMˆ = (xmˆ, θµˆi ) , (2.2)
where mˆ = 0, 1, 2, 3, 5, µˆ = 1, · · · , 4 and i = 1, 2. In order to describe supergravity
it is necessary to introduce a vielbein and appropriate connections. However the
gauging of the superconformal algebra is made non-trivial due to the fact that the
graded commutator of KAˆ with PAˆ contains generators other than PAˆ. This requires
some of the connections to transform under KAˆ into the vielbein. To perform the
gauging we will follow closely the approach given in [37, 38, 39].
We denote by Xa the closed subset of generators that do not contain the PAˆ gen-
erators. The superconformal algebra takes the form of a semidirect product algebra
[Xa, Xb} = −fab
cXc , (2.3a)
[Xa, PBˆ} = −faBˆ
cXc − faBˆ
CˆPCˆ , (2.3b)
[PAˆ, PBˆ} = −fAˆBˆ
CˆPCˆ , (2.3c)
where fAˆBˆ
Cˆ contains only the constant torsion tensor f iαˆ
j
βˆ
cˆ = T iαˆ
j
βˆ
cˆ = 2i εij(Γcˆ)αˆβˆ. The
gauge group associated with the superalgebra generated by Xa will be denoted H.
Now we associate with each generator Xa = (Maˆbˆ, Jij ,D, Sαˆi, Kaˆ) a connection one-
form ωa = (Ωaˆbˆ,Φij , B,Fαˆi,Faˆ) = dzMˆωMˆ
a and with PAˆ the vielbein E
Aˆ = (Eαˆi , E
aˆ) =
dzMˆEMˆ
Aˆ. Their H-gauge transformations are postulated to be
δHE
Aˆ = EBˆΛcfcBˆ
Aˆ , (2.4a)
δHω
a = dΛa + EBˆΛcfcBˆ
a + ωbΛcfcb
a , (2.4b)
with Λa the gauge parameters.
A superfield Φ is said to be covariant if it transforms under H with no derivatives
on the parameter Λa
δHΦ = ΛΦ := Λ
aXaΦ . (2.5)
A superfield Φ is said to be primary if it is annihilated by the special conformal
generators, KAˆΦ = 0. From the algebra (2.1), we see that if a superfield is annihilated
by S-supersymmetry, then it is necessarily primary.
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Given a covariant superfield Φ, it is obvious that ∂MˆΦ is not itself covariant. We
are led to introduce the covariant derivative
∇ = d− ωaXa , ∇ = E
Aˆ∇Aˆ . (2.6)
Its transformation is found to be
δH(∇AˆΦ) = (−1)
ε
Aˆ
εbΛb∇AˆXbΦ− Λ
bfbAˆ
Cˆ∇CˆΦ− Λ
bfbAˆ
cXcΦ , (2.7)
with no derivatives on the gauge parameter Λa. Rewriting this as δH(∇AˆΦ) =
ΛbXb∇AˆΦ, we immediately derive the operator relation
[Xb,∇Aˆ} = −fbAˆ
Cˆ∇Cˆ − fbAˆ
cXc . (2.8)
The torsion and curvature tensors appear in the commutator of two covariant deriva-
tives,
[∇Aˆ,∇Bˆ} = −TAˆBˆ
Cˆ∇Cˆ −RAˆBˆ
cXc , (2.9)
where the torsion and curvature tensors are defined, respectively, by
T
Aˆ :=
1
2
ECˆ ∧ EBˆTBˆCˆ
Aˆ = dEAˆ − ECˆ ∧ ωb fbCˆ
Aˆ , (2.10a)
R
a :=
1
2
ECˆ ∧ EBˆRBˆCˆ
a = dωa − ECˆ ∧ ωb fbCˆ
a −
1
2
ωc ∧ ωb fbc
a . (2.10b)
Using the definition of curvature and torsion (2.10) together with the vielbein and
connection transformation rules (2.4), we find
δHT
Aˆ = T CˆΛbfbCˆ
Aˆ − ECˆ ∧ EBˆΛafaBˆ
fffCˆ
Aˆ , (2.11a)
δHR
a = RcΛbfbc
a + T CˆΛbfbCˆ
a − EDˆ ∧ ECˆΛbfbCˆ
fffDˆ
a , (2.11b)
indicating that the torsion and curvature superfields are covariant. Writing the trans-
formation rules as δHT
Aˆ = ΛaXaT
Aˆ, δHR
Aˆ = ΛaXaR
Aˆ and δHE
Aˆ = ΛbXbE
Aˆ leads
to the action of Xa on the torsion and curvature:
XaTBˆCˆ
Dˆ =− (−1)εa(εBˆ+εCˆ)TBˆCˆ
EˆfEˆa
Dˆ − 2fa[Bˆ
Eˆ
T|Eˆ|Cˆ}
Dˆ − 2fa[Bˆ
ef|e|Cˆ}
Dˆ , (2.12a)
XaRBˆCˆ
d =− (−1)εa(εBˆ+εCˆ)
(
TBˆCˆ
EˆfEˆa
d + RBˆCˆ
efea
d
)
− 2fa[Bˆ
Eˆ
R|Eˆ|Cˆ}
d
− 2fa[Bˆ
ef|e|Cˆ}
d . (2.12b)
One can show that the above results are the necessary conditions for the Jacobi
identity involving two ∇’s
0 = [Xa, [∇Bˆ,∇Cˆ}}+ (graded cyclic permutations) (2.13)
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to be identically satisfied. The Bianchi identities
0 = [∇Aˆ, [∇Bˆ,∇Cˆ}}+ (graded cyclic permutations) (2.14)
can also be shown to be satisfied identically. Therefore, we have a consistent algebraic
structure
[Xa, Xb} = −fab
cXc , (2.15a)
[Xa,∇Bˆ} = −faBˆ
Cˆ∇Cˆ − faBˆ
cXc , (2.15b)
[∇Aˆ,∇Bˆ} = −TAˆBˆ
Cˆ∇Cˆ −RAˆBˆ
cXc , (2.15c)
which satisfies all the Jacobi identities. In the flat space limit the curvature van-
ishes and the torsion becomes the usual constant torsion, so that the algebra (2.15)
exactly matches the superconformal algebra that we started with, in which PAˆ is re-
placed with ∇Aˆ. The curved case involves a so-called soft algebra, where some of the
structure constants have been replaced by structure functions, corresponding to the
introduction of torsion and curvature. The superconformal algebra is then said to be
“gauged” in this sense.
The full set of operators (∇Aˆ, Xa) generates the conformal supergravity gauge
group G. The form of the covariant derivative suggests that we should extend the
usual diffeomorphisms δgct into covariant diffeomorphisms
δcgct(ξ
Aˆ) := δgct(ξ
AˆEAˆ
Mˆ)− δH(ξ
AˆωAˆ
a) , (2.16)
where δgct(ξ
Mˆ) acts on scalars under diffeomorphisms as
δgctΦ = ξ
Mˆ∂MˆΦ . (2.17)
The full conformal supergravity gauge group G is then generated by
K = ξCˆ∇Cˆ + Λ
aXa . (2.18)
If a superfield Φ is a scalar under diffeomorphisms and covariant under the group H,
then its transformation under the full supergravity gauge group G is
δGΦ = KΦ = ξ
Cˆ∇CˆΦ + Λ
aXaΦ . (2.19)
It is a straightforward exercise to show that the vielbein and connection one-forms
transform as
δGE
Aˆ = dξAˆ + EBˆΛcfcBˆ
Aˆ + ωbξCˆfCˆb
Aˆ + EBˆξCˆTCˆBˆ
Aˆ , (2.20a)
11
δGω
a = dΛa + ωbΛcfcb
a + ωbξCˆfCˆb
a + EBˆΛcfcBˆ
a + EBˆξCˆRCˆBˆ
a . (2.20b)
From this definition, one can check that the covariant derivative transforms as
δG∇Aˆ = [K,∇Aˆ] (2.21)
provided we interpret
∇Aˆξ
Bˆ := EAˆξ
Bˆ + ωAˆ
cξDˆfDˆc
Bˆ , (2.22a)
∇AˆΛ
b := EAˆΛ
b + ωAˆ
cξDˆfDˆc
b + ωAˆ
cΛdfdc
b . (2.22b)
We can summarize the superspace geometry of conformal supergravity as follows.
The covariant derivatives have the form
∇Aˆ = EAˆ − ωAˆ
bXb = EAˆ −
1
2
ΩAˆ
aˆbˆMaˆbˆ − ΦAˆ
klJkl − BAˆD− FAˆ
BˆKBˆ . (2.23)
The action of the generators on the covariant derivatives, eq. (2.15b), resembles that
for the PAˆ generators given in (2.1). The supergravity gauge group is generated by
local transformations of the form (2.21) where
K = ξCˆ∇Cˆ +
1
2
ΛcˆdˆMcˆdˆ + Λ
klJkl + σD+ Λ
AˆKAˆ (2.24)
and the gauge parameters satisfy natural reality conditions. The covariant derivatives
satisfy the (anti-)commutation relations
[∇Aˆ,∇Bˆ} = −TAˆBˆ
Cˆ∇Cˆ −
1
2
R(M)AˆBˆ
cˆdˆMcˆdˆ −R(J)AˆBˆ
klJkl
−R(D)AˆBˆD−R(S)AˆBˆ
γˆkSγˆk −R(K)AˆBˆ
cˆKcˆ , (2.25)
where the torsion and curvature tensors are given by
T
aˆ = dE aˆ + E bˆ ∧ Ωbˆ
aˆ + E aˆ ∧ B , (2.26a)
T
αˆ
i = dE
αˆ
i + 2E
βˆ
i ∧ Ωβˆ
αˆ +
1
2
Eαˆi ∧B −E
αˆj ∧ Φji − iE
cˆ ∧ Fβˆi (Γcˆ)βˆ
αˆ , (2.26b)
R(D) = dB + 2E aˆ ∧ Faˆ − 2E
αˆ
i ∧ F
i
αˆ , (2.26c)
R(M)aˆbˆ = dΩaˆbˆ + Ωaˆcˆ ∧ Ωcˆ
bˆ − 4E[aˆ ∧ Fbˆ] − 4Eαˆj ∧ F
βˆj(Σaˆbˆ)αˆβˆ , (2.26d)
R(J)ij = dΦij − Φk(i ∧ Φj)k + 6E
αˆ(i ∧ Fj)αˆ , (2.26e)
R(K)aˆ = dFaˆ + Fbˆ ∧ Ωbˆ
aˆ − Faˆ ∧ B − iFαˆk ∧ Fβˆk(Γ
aˆ)αˆ
βˆ , (2.26f)
R(S)αˆi = dFαˆi + 2Fβˆi ∧ Ωβˆ
αˆ −
1
2
Fαˆi ∧ B − Fαˆj ∧ Φj
i − iEβˆi ∧ Fcˆ(Γcˆ)βˆ
αˆ . (2.26g)
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2.3 Conformal supergravity
In the conformal superspace approach to supergravity in four [37, 38] and three
[39] dimensions, the entire covariant derivative algebra may be expressed in terms of
a single primary superfield: the super Weyl tensor for D = 4 and the super Cotton
tensor for D = 3. We will seek a similar solution in D = 5 in terms of a single primary
superfield, the super Weyl tensor Wαˆβˆ =Wβˆαˆ [25].
In the three- and four-dimensional cases the second ingredient to describe confor-
mal supergravity was to realize that the right constraints for the covariant derivative
were such that their algebra obeyed the same constraints as super Yang-Mills the-
ory. Guided by the structure of 5D N = 1 super Yang-Mills theory [2, 7, 49], we
impose the constraint {∇(iαˆ ,∇
j)
βˆ
} = 0, which is equivalent to the spinor derivative
anti-commutation relation
{∇iαˆ,∇
j
βˆ
} = −2iεij(Γcˆ)αˆβˆ∇cˆ − 2iε
ijεαˆβˆW , (2.27a)
where W is some operator taking values in the superconformal algebra. The Bianchi
identities give the other commutators
[∇aˆ,∇
j
βˆ
] = (Γaˆ)βˆ
γˆ[∇jγˆ ,W ] , (2.27b)
[∇aˆ,∇bˆ] = −Faˆbˆ =
i
4
(Σaˆbˆ)
αˆβˆ{∇kαˆ, [∇βˆk,W ]} (2.27c)
and the additional constraint
{∇(iαˆ , [∇
j)
βˆ
,W ]} =
1
4
εαˆβˆ{∇
γ(i, [∇j)γ ,W ]} . (2.28)
In analogy to conformal superspace in four dimensions [37, 38], we constrain the
form of the operator W to be
W =W αˆβˆMαˆβˆ +W (S)
αˆiSαˆi +W (K)
bˆKbˆ , (2.29)
where Wαˆβˆ is a symmetric dimension-1 primary superfield. One can show that the
Bianchi identity (2.28) is identically satisfied for
W = W αˆβˆMαˆβˆ −
1
10
(∇i
βˆ
W αˆβˆ)Sαˆi −
1
4
(∇aˆWaˆbˆ)K
bˆ , (2.30)
provided Wαˆβˆ satisfies
∇kγˆWαˆβˆ = ∇
k
(αˆWβˆγˆ) +
2
5
εγˆ(αˆ∇
δˆkWβˆ)δˆ . (2.31)
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It is convenient to introduce higher dimension descendant superfields constructed
from spinor derivatives of Wαˆβˆ. At dimension-3/2, we introduce
Wαˆβˆγˆ
k := ∇k(αˆWβˆγˆ) , X
i
αˆ :=
2
5
∇βˆiWβˆαˆ , (2.32a)
and at dimension-2, we choose
Wαˆβˆγˆδˆ := ∇
k
(αˆWβˆγˆδˆ)k , Xαˆβˆ
ij := ∇(i(αˆX
j)
βˆ)
= −
1
4
∇γˆ(i∇j)γˆ Wαˆβˆ , (2.32b)
Y := i∇γˆkXγˆk . (2.32c)
One can check that only these superfields and their vector derivatives appear upon
taking successive spinor derivatives of Wαˆβˆ. Specific relations we will need later are
given below:
∇kγˆWαˆβˆ = Wαˆβˆγˆ
k + εγˆ(αˆX
k
βˆ)
, (2.33a)
∇iαˆX
j
βˆ
= Xαˆβˆ
ij +
i
8
εij
(
εαˆβˆY + 4ε
aˆbˆcˆdˆeˆ(Σaˆbˆ)αˆβˆ∇cˆWdˆeˆ − 4(Γ
bˆ)αˆβˆ∇
aˆWaˆbˆ
)
, (2.33b)
∇iαˆWβˆγˆδˆ
j = −
1
2
εij
(
Wαˆβˆγˆδˆ + 3i∇αˆ(βˆWγˆδˆ) −
3i
4
εaˆbˆcˆdˆeˆεαˆ(βˆ(Σaˆbˆ)γˆδˆ)∇cˆWdˆeˆ
)
−
3
2
εαˆ(βˆXγˆδˆ)
ij , (2.33c)
∇iαˆWβˆγˆδˆρˆ = −4i∇αˆ(βˆWγˆδˆρˆ)
i − 12iεαˆ(βˆ
(
∇γˆ
τˆWδˆρˆ)τˆ
i +WγˆδˆX
i
ρˆ) − 2Wγˆ
τˆWδˆρˆ)τˆ
i
)
, (2.33d)
∇iαˆXβˆγˆ
jk = εi(j
(
2i∇αˆ
δˆWβˆγˆδˆ
k) + 2i∇(βˆ
δˆWγˆ)αˆδˆ
k) − i∇αˆ(βˆX
k)
γˆ) − iεαˆ(βˆ∇γˆ)
δˆX
k)
δˆ
+ 6iW(αˆβˆX
k)
γˆ) − 12iW(αˆ
δˆWβˆγˆ)δˆ
k)
)
, (2.33e)
∇iαˆY = 8∇αˆ
γˆX iγˆ . (2.33f)
These descendant superfields transform under S-supersymmetry as
SαˆiWβˆγˆδˆ
j = 6δji εαˆ(βˆWγˆδˆ) , SαˆiX
j
βˆ
= 4δjiWαˆβˆ ,
SαˆiWβˆγˆδˆρˆ = 24εαˆ(βˆWγˆδˆρˆ)i , SαˆiY = 8iXαˆi ,
SαˆiXβˆγˆ
jk = −4δ(ji Wαˆβˆγˆ
k) + 4δ
(j
i εαˆ(βˆX
k)
γˆ) . (2.34)
In terms of these superfields, we can now construct the algebra of covariant deriva-
tives for 5D conformal supergravity:
{∇iαˆ,∇
j
βˆ
} = −2iεij(Γcˆ)αˆβˆ∇cˆ − 2iε
ijεαˆβˆW
γˆδˆMγˆδˆ −
i
2
εijεαˆβˆX
γˆkSγˆk
+
i
2
εijεαˆβˆ(∇
aˆWaˆbˆ)K
bˆ , (2.35a)
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[∇aˆ,∇
j
βˆ
] = (Γaˆ)βˆ
γˆ
(
Wγˆδˆ∇
δˆj +
1
2
XjγˆD+Wγˆδˆρˆ
jM δˆρˆ +
3
2
XkγˆJk
j
−
1
4
(∇jγˆX
δˆ
k)S
k
δˆ
+
i
4
(Γcˆ)γˆ
δˆ(∇bˆWbˆcˆ)S
j
δˆ
−
1
4
(∇jγˆ∇
cˆWcˆbˆ)K
bˆ
)
, (2.35b)
[∇aˆ,∇bˆ] = −Taˆbˆ
cˆ∇cˆ − Taˆbˆ
γˆ
k∇
k
γˆ −
1
2
R(M)aˆbˆ
cˆdˆMcˆdˆ −R(J)aˆbˆ
ijJij −R(D)aˆbˆD
−R(S)aˆbˆ
γˆkSγˆk −R(K)aˆbˆ
cˆKcˆ , (2.35c)
where
Taˆbˆ
cˆ = −
1
2
εaˆbˆ
cˆdˆeˆWdˆeˆ , (2.36a)
Taˆbˆ
γˆ
k = −
i
2
∇γˆkWaˆbˆ = −
i
2
(Σaˆbˆ)αˆβˆW
αˆβˆγˆ
k −
i
2
(Σaˆbˆ)
βˆγˆXβˆk , (2.36b)
R(M)aˆbˆ
cˆdˆ = −
i
4
(Σaˆbˆ)
αˆβˆ(Σcˆdˆ)γˆδˆ∇kαˆ∇βˆkWγˆδˆ +
i
10
∇γˆk∇δˆkWγˆδˆδ
cˆ
[aˆδ
dˆ
bˆ]
+ 2∇aˆ′Wbˆ′cˆ′ε
aˆ′ bˆ′cˆ′[cˆ
[aˆδ
dˆ]
bˆ]
−WaˆbˆW
cˆdˆ
= −
i
4
(Σaˆbˆ)
αˆβˆ(Σcˆdˆ)γˆδˆWαˆβˆγˆδˆ +
1
8
Y δcˆ[aˆδ
dˆ
bˆ]
−WaˆbˆW
cˆdˆ +
1
2
∇aˆ′Wbˆ′ cˆ′ε
aˆ′bˆ′ cˆ′[cˆ
[aˆδ
dˆ]
bˆ]
+
1
4
εaˆbˆ
cˆdˆeˆ∇fˆWfˆ eˆ +
1
4
εcˆdˆeˆfˆ [aˆ∇bˆ]Weˆfˆ −
1
2
∇eˆW fˆ [cˆεdˆ]aˆbˆeˆfˆ , (2.36c)
R(J)aˆbˆ
kl = −
3i
4
(Σaˆbˆ)
αˆβˆXαˆβˆ
kl =
3i
16
(Σaˆbˆ)
αˆβˆ∇γˆ(k∇l)γˆWαˆβˆ , (2.36d)
R(D)aˆbˆ = −
i
4
(Σaˆbˆ)
αˆβˆ∇kαˆXβˆk = −
1
2
εaˆbˆcˆdˆeˆ∇
cˆW dˆeˆ , (2.36e)
R(S)aˆbˆ
γˆk = −
i
16
(Σaˆbˆ)
αˆβˆ
(
∇jαˆ∇βˆjX
γˆk + 2i(Γcˆ)αˆ
γˆ∇dˆ∇k
βˆ
Wdˆcˆ − 4iWαˆβˆX
γˆk
)
= −
1
16
εγˆρˆ(Σaˆbˆ)
αˆβˆ
(
2∇αˆ
δˆWβˆδˆρˆ
k + 6∇ρˆ
δˆWαˆβˆδˆ
k + ερˆαˆ∇βˆ
δˆXk
δˆ
+ 3∇ρˆαˆX
k
βˆ
− 12W(ρˆ
δˆWαˆβˆ)δˆ
k + 6W(αˆβˆX
k
ρˆ)
)
−
1
4
WaˆbˆX
γˆk , (2.36f)
R(K)aˆbˆ
cˆ =
i
16
(Σaˆbˆ)
αˆβˆ(∇k(αˆ∇βˆ)k∇dˆW
dˆcˆ − 4iWαˆβˆ∇dˆW
dˆcˆ)
=
i
16
(Σaˆbˆ)
αˆβˆ
(
∇dˆ∇
k
(αˆ∇βˆ)kW
dˆcˆ +
i
8
εcˆeˆfˆ gˆhˆ(Σeˆfˆ)αˆβˆYWgˆhˆ
− (Γcˆ)δˆ
ρˆW γˆδˆ∇kγˆ∇αˆkWβˆρˆ + (Γ
cˆ)αˆ
ρˆW γˆδˆ∇kγˆ∇βˆkWδˆρˆ
+ 2iWαˆβˆ∇eˆW
eˆcˆ − i(Σeˆfˆ )αˆβˆWfˆ
cˆ∇gˆWgˆeˆ + 3i(Σ
cˆeˆ)αˆβˆWeˆ
gˆ∇fˆWfˆ gˆ
− 6i(Σeˆfˆ )αˆβˆW
gˆcˆ∇[eˆWfˆ gˆ] − 3(Γ
cˆ)γˆδˆXkγˆWαˆβˆδˆk − 3(Γ
cˆ)αˆ
δˆX γˆkWβˆγˆδˆk
− 2(Γcˆ)δˆρˆWδˆ(αˆ
γˆkWβˆ)ρˆγˆk − 2(Γ
cˆ)αˆ
ρˆWβˆ
γˆδˆkWγˆδˆρˆk − 4iWαˆβˆ∇dˆW
dˆcˆ
)
.
(2.36g)
Despite possessing a larger structure group, the covariant derivative algebra is more
compact than that of SU(2) superspace [25]. This provides a significant advantage in
performing superspace calculations.
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2.4 Full superspace actions
Given the geometry we have described, it is immediately apparent that one may
construct an action principle involving a full superspace integral
S[L] =
∫
d5|8z E L , d5|8z := d5x d8θ , E := Ber(EMˆ
Aˆ) , (2.37)
where L is a primary superspace Lagrangian of dimension +1.
For later applications, it will be important to know the rule for integrating by
parts in full superspace. It is given by∫
d5|8z E (−1)εAˆ∇AˆV
Aˆ =
∫
d5|8z E
{
− (−1)εAˆ
(
FAˆ
bˆKbˆV
Aˆ + FAˆ
βˆkSβˆkV
Aˆ
)
+ iFγˆk
βˆkV aˆ(Γaˆ)βˆ
γˆ
}
, (2.38)
where V Aˆ transforms as a Lorentz and SU(2) tensor with DV aˆ = 0 and DV αˆi =
1
2
V αˆi .
In the special case where V Aˆ corresponds to an S-invariant vector field V =
V AˆEAˆ = V
AˆEAˆ
M∂Mˆ , which requires
Si
βˆ
V αˆj = −iδ
i
jV
aˆ(Γaˆ)βˆ
αˆ , Sj
βˆ
V aˆ = 0 , (2.39)
we have the simple integration rule∫
d5|8z E (−1)εAˆ∇AˆV
Aˆ = 0 . (2.40)
2.5 Gravitational composite O(2) multiplet
As an application of the formalism introduced, we will construct a composite
superfield that may be used to generate a supersymmetric completion of an R2 term.
This composite superfield is constructed in terms of the super Weyl tensor as follows:
H ijWeyl := −
i
2
W αˆβˆγˆ iWαˆβˆγˆ
j +
3i
2
W αˆβˆXαˆβˆ
ij −
3i
4
X αˆiXjαˆ = H
ji
Weyl , (2.41)
where we have used the definitions (2.32). This superfield is real in the sense that
H ijWeyl = εikεjlH
kl
Weyl. One can check that H
ij
Weyl is primary and obeys the constraint
∇(iαˆH
jk)
Weyl = 0 . (2.42)
It corresponds exactly to the composite multiplet Lij [W2] constructed by Hanaki,
Ohashi, and Tachikawa [28].
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This is an example of a covariant real O(2) multiplet, which will be introduced in
section 5. The structure of (2.41) is completely analogous to that of the composite
O(2) multiplet associated with the Yang-Mills multiplet given in [2], see the next
subsection. The supersymmetric R2-invariant of [28] may be constructed straightfor-
wardly in superspace using (2.41) and the BF action.
2.6 Turning on the Yang-Mills multiplet
Let us conclude this subsection by presenting a Yang-Mills multiplet in conformal
superspace. To describe such a non-abelian vector multiplet, the covariant derivative
∇ = EAˆ∇Aˆ has to be replaced with a gauge covariant one,
∇ = EAˆ∇Aˆ , ∇Aˆ := ∇Aˆ − iV Aˆ . (2.43)
Here the gauge connection one-form V = EAˆV Aˆ takes its values in the Lie algebra of
the Yang-Mills gauge group, GYM, with its (Hermitian) generators commuting with all
the generators of the superconformal algebra. The gauge covariant derivative algebra
is
[∇Aˆ,∇Bˆ} = −TAˆBˆ
Cˆ
∇Cˆ −
1
2
R(M)AˆBˆ
cˆdˆMcˆdˆ −R(J)AˆBˆ
klJkl −R(D)AˆBˆD
−R(S)AˆBˆ
γˆkSγˆk −R(K)AˆBˆ
cˆKcˆ − iF AˆBˆ , (2.44)
where the torsion and curvatures are those of conformal superspace but with F AˆBˆ
corresponding to the gauge covariant field strength two-form F = 1
2
EBˆ ∧ EAˆF AˆBˆ.
The field strength F AˆBˆ satisfies the Bianchi identity
∇F = 0 ⇐⇒ ∇[AˆF BˆCˆ} + T[AˆBˆ
DˆF |Dˆ|Cˆ} = 0 . (2.45)
The Yang-Mills gauge transformation acts on the gauge covariant derivatives∇Aˆ and
a matter superfield U (transforming in some representation of the gauge group) as
∇Aˆ → e
iτ
∇Aˆe
−iτ , U → U ′ = eiτU , τ † = τ , (2.46)
where the Hermitian gauge parameter τ (z) takes its values in the Lie algebra of GYM.
This implies that the gauge one-form and the field strength transform as follows:
V → eiτV e−iτ + i eiτ d e−iτ , F → eiτF e−iτ . (2.47)
As in the flat case [7] (see also [49, 2]), some components of the field strength
have to be constrained in order to describe an irreducible multiplet. In conformal
superspace the right constraint is
F iαˆ
j
βˆ
= 2iεijεαˆβˆW , (2.48a)
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which fixes the remaining components of the field strengths to be
F aˆ
j
βˆ
= −(Γaˆ)βˆ
γˆ
∇
j
γˆW , (2.48b)
F aˆbˆ = −
i
4
(Σaˆbˆ)
αˆβˆ
(
∇
k
(αˆ∇βˆ)k − 4iWαˆβˆ
)
W , (2.48c)
where the superfield W is Hermitian, W † =W , and obeys the Bianchi identity
∇
(i
αˆ∇
j)
βˆ
W =
1
4
εαˆβˆ∇
γˆ(i
∇
j)
γˆW . (2.49)
Moreover, W is a conformal primary of dimension 1, SiαˆW = 0 and DW =W .
Now let TI be the Hermitian generators of the gauge group GYM. The gauge
connection V Aˆ and the field strengths F AˆBˆ and W can be decomposed as V Aˆ =
VAˆ
ITI , F AˆBˆ = FAˆBˆ
ITI andW = W
ITI . For a single abelian vector multiplet, we will
use VAˆ, FAˆBˆ and W .
It is helpful to introduce the following descendant superfields constructed from
spinor derivatives ofW :
λiαˆ := −i∇
i
αˆW , X
ij :=
i
4
∇
αˆ(i
∇
j)
αˆW = −
1
4
∇
αˆ(iλ
j)
αˆ . (2.50)
The above superfields together with
F αˆβˆ = −
i
4
∇
k
(αˆ∇βˆ)kW −WαˆβˆW =
1
4
∇
k
(αˆλβˆ)k −WαˆβˆW (2.51)
satisfy the following useful identities:
∇
i
αˆλ
j
βˆ
= −2εij
(
F αˆβˆ +WαˆβˆW
)
− εαˆβˆX
ij − εij∇αˆβˆW , (2.52a)
∇
i
αˆF βˆγˆ = −i∇αˆ(βˆλ
i
γˆ) − iεαˆ(βˆ∇γˆ)
δˆλi
δˆ
− iWβˆγˆλ
i
αˆ −Wαˆβˆγˆ
iW − εαˆ(βˆX
i
γˆ)W , (2.52b)
∇
i
αˆX
jk = 2iεi(j
(
∇αˆ
βˆλ
k)
βˆ
+Wαˆβˆλ
βˆk) −
i
2
X
k)
αˆ W − i[W ,λ
k)
αˆ ]
)
. (2.52c)
The S-supersymmetry generator acts on these descendants as
Siαˆλ
j
βˆ
= −2iεαˆβˆε
ijW , SiαˆF βˆγˆ = 4εαˆ(βˆλ
i
γˆ) , S
i
αˆX
jk = −2εi(jλk)αˆ . (2.53)
Now consider a primary composite superfield H ijYM that is quadratic in the gen-
erators of the gauge group and is defined by
H
ij
YM = i(∇
αˆ(iW )∇
j)
αˆW +
i
4
{
W ,∇αˆ(i∇
j)
αˆW
}
= {W ,X ij} − iλαˆ(iλj)αˆ . (2.54)
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Its important property is
∇
(i
αˆH
jk)
YM = 0 . (2.55)
In the rigid superspace limit, H ijYM reduces to the composite superfield introduced in
[2]. Associated with H ijYM is the gauge singlet H
ij
YM := trH
ij
YM, which is a primary
superfield constrained by ∇(iαˆH
jk)
YM = 0. This is an example of a covariant O(2)
multiplet defined in section 5.
3 From conformal to SU(2) superspace
The superspace structure we have presented in the previous section involves, as
in four and three dimensions [37, 38, 39], the gauging of the entire superconformal
algebra in order to describe conformal supergravity. Traditionally, however, con-
formal supergravity has been described in superspace in a different manner: local
component scale and special conformal transformations were encoded in super Weyl
transformations. This was exactly the approach taken previously in [25] where 5D
conformal supergravity was described by gauging SO(4, 1) × SU(2), corresponding
to the Lorentz and R-symmetry groups, with additional super Weyl transformations
realized non-linearly. As in the introduction, we refer to the latter formulation of
conformal supergravity as SU(2) superspace.
The relation between these two approaches mirrors the simpler non-supersymmetric
situation. Conformal gravity may be described as the gauge theory of the confor-
mal algebra, with a vielbein, Lorentz, dilatation, and special conformal connection.
Certain constraints are usually imposed so that the only independent fields are the
vielbein and dilatation connection. A special conformal transformation can be made
to eliminate the dilatation connection; upon making such a choice, one keeps the viel-
bein and Lorentz connections in the covariant derivative, while discarding the special
conformal connection – this is often called “degauging” the special conformal symme-
try. The dilatation symmetry survives as the usual Weyl symmetry of the vielbein,
and one recovers a formulation of conformal gravity with a vielbein alone.
As alluded to in the introduction, it is possible to “degauge” conformal superspace
to recover SU(2) superspace in a similar way. This is the goal of this section. The
procedure follows exactly the path laid out in the four and three dimensional cases
[37, 38, 39]. In particular, we will show explicitly how to recover the connections and
curvatures of SU(2) superspace and derive the form of the super Weyl transformations.
The material in this section provides the necessary ingredients to relate results in
conformal superspace to those of SU(2) superspace.
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3.1 Degauging to SU(2) superspace
Let us recall that SU(2) superspace is described by a superspace vielbein, Lorentz
connection, and SU(2)R connection. Conformal superspace possesses in addition di-
latation and special conformal connections; these must be dealt with in a particular
way. The first step is to eliminate the dilatation connection. Because the one-form
B = E aˆBaˆ + E
αˆ
i B
i
αˆ transforms as
δK(Λ)B = −2E
aˆΛaˆ − 2E
αˆ
i Λ
i
αˆ , (3.1)
under special conformal transformations, it is straightforward to impose the gauge
choice
BAˆ = 0 , (3.2)
eliminating the dilatation connection entirely. The special conformal connection FAˆ
remains, but its corresponding gauge symmetry has been fixed, so we will extract it
from the covariant derivative. The resulting degauged covariant derivatives are given
by
DAˆ := ∇Aˆ + FAˆ
BˆKBˆ = EAˆ −
1
2
ΩAˆ
bˆcˆMbˆcˆ − ΦAˆ
ijJij , (3.3)
and possess an SO(4, 1) × SU(2) structure group. They satisfy (anti-)commutation
relations of the form6
[DAˆ,DBˆ} = −T˜AˆBˆ
CˆDCˆ −
1
2
R˜AˆBˆ
cˆdˆMcˆdˆ − R˜AˆBˆ
klJkl . (3.4)
Because the vielbein, Lorentz, and SU(2) connections are exactly those of conformal
superspace, it is easy to give expressions for the new torsion and curvature tensors
in terms of the conformal ones using (2.26). For example, one finds for the torsion
tensor,
T˜
aˆ = T aˆ , T˜ αˆi = T
αˆ
i + iE
cˆ ∧ Fβˆi (Γcˆ)βˆ
αˆ . (3.5)
The special conformal connections FAˆ
Bˆ provide new contributions to the superfield
torsion and similarly to the other curvatures.
It turns out there is actually a subtlety in this degauging procedure. A careful
examination of (3.5) shows that one recovers almost all the same constraints on the
torsion tensor as in SU(2) superspace, except that
T˜aˆβˆ(j
βˆ
k) 6= 0 , T˜aˆbˆ
cˆ 6= 0 . (3.6)
In SU(2) superspace, both of these combinations are required to vanish. The solu-
tion to this is that there is some freedom to redefine the vector components of the
6We distinguish the degauged versions of the torsion and curvatures with a tilde.
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Lorentz and SU(2) connections when we degauge, corresponding to a redefinition of
the vector covariant derivative of SU(2) superspace. This in turn modifies the torsion
and curvature tensors. A particular choice sets to zero the combinations (3.6) and
exactly reproduces the torsion and curvature tensors of SU(2) superspace. To elabo-
rate further, we must analyze explicitly the additional superfields introduced by the
special conformal connections FAˆ
Bˆ.
3.2 The degauged special conformal connection
In the gauge (3.2) the dilatation curvature is given by7
R(D)AˆBˆ = 2FAˆBˆ(−1)
ε
Bˆ − 2FBˆAˆ(−1)
ε
Aˆ
+ε
Aˆ
ε
Bˆ . (3.7)
The vanishing of the dilatation curvature at dimension-1 constrains the special con-
formal connection as8
Fiαˆ
j
βˆ
= −Fj
βˆ
i
αˆ =
i
2
εαˆβˆS
ij −
i
4
Cαˆβˆ
ij + iεijYαˆβˆ , (3.8)
where the superfields Sij, Cαˆβˆ
ij, Yαˆβˆ satisfy the symmetry properties
Sij = Sji , Cαˆβˆ
ij = (Γaˆ)αˆβˆCaˆ
ij = Cαˆβˆ
ji , Yαˆβˆ = Yβˆαˆ . (3.9)
From here it is possible to derive the degauged covariant derivative algebra by com-
puting [DAˆ,DBˆ}. An efficient way to do this is to consider a primary superfield Φ
transforming as a tensor in some representation of the remainder of the superconfor-
mal algebra (compare with [38]). For example, to determine the anti-commutator of
spinor derivatives we consider
{Diαˆ,D
j
βˆ
}Φ = {∇iαˆ,∇
j
βˆ
}Φ + Fiαˆ
Cˆ [KCˆ ,∇
j
βˆ
}Φ + Fj
βˆ
Cˆ [KCˆ ,∇
i
αˆ}Φ . (3.10)
Making use of the form of F and of the superconformal algebra we find
{Diαˆ,D
j
βˆ
} = −2iεijD′
αˆβˆ
+ 3iεαˆβˆε
ijSklJkl − iε
ijCαˆβˆ
klJkl − 12iYαˆβˆJ
ij
−iεαˆβˆε
ij
(
W cˆdˆ + Y cˆdˆ
)
Mcˆdˆ +
i
4
εijεaˆbˆcˆdˆeˆ(Γaˆ)αˆβˆ
(
2Ybˆcˆ −Wbˆcˆ
)
Mdˆeˆ
−
i
2
εaˆbˆcˆdˆeˆ(Σaˆbˆ)αˆβˆCcˆ
ijMdˆeˆ + 4iS
ijMαˆβˆ , (3.11)
where we have defined the vector covariant derivative
D′aˆ := Daˆ +
1
4
Caˆ
klJkl −
1
8
εaˆbˆcˆdˆeˆW
bˆcˆM dˆeˆ . (3.12)
7We have lowered the index on the K-connection as F
Aˆbˆ
= η
bˆcˆ
F
Aˆ
cˆ and F
Aˆ
j
βˆ
= ε
βˆγˆ
F
Aˆ
γˆj .
8The reason for introducing these superfields via these coefficients will be clear later.
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The remaining algebra of covariant derivatives can be similarly computed directly
from degauging. It can be seen that the algebra of D′
Aˆ
= (D′aˆ,D
i
αˆ) exactly matches
the one of SU(2) superspace [25] once we identify the dimension-1 torsion components
Xaˆbˆ and Naˆbˆ used in [25] as
Xaˆbˆ := Waˆbˆ + Yaˆbˆ , Naˆbˆ := 2Yaˆbˆ −Waˆbˆ . (3.13)
The superfields Sij and Caˆ
ij , which we introduced in (3.8), are equivalent to the ones
used in [25]. In particular, it turns out that the covariant derivative algebra for D′
Aˆ
does not possess the torsion components (3.6).
The curvature superfields can be shown to satisfy the dimension-3/2 identities:
DkγˆWaˆbˆ = Waˆbˆγˆ
k + (Σaˆbˆ)γˆ
δˆXk
δˆ
, (3.14a)
DkγˆYaˆbˆ = 2(Γ[aˆ)γˆ
δˆYbˆ]δˆ
k + (Σaˆbˆ)γˆ
δˆYk
δˆ
, (3.14b)
DkγˆCaˆ
ij = −
1
2
(Γaˆ)γˆ
δˆCδˆ
ijk −
2
3
(
Caˆ
(i
γˆ −
1
2
(Γaˆ)γˆ
δˆC(i
δˆ
)
εj)k , (3.14c)
DkγˆS
ij = −
1
4
Cγˆ
ijk +
(
X
(i
γˆ +
5
2
Y (iγˆ +
5
12
C(iγˆ
)
εj)k , (3.14d)
where
(Γaˆ)αˆ
βˆWaˆbˆβˆ
i = 0 , (Γaˆ)αˆ
βˆYaˆβˆ
i = 0 , (Γaˆ)αˆ
βˆCaˆβˆ
i = 0 , Cαˆ
ijk = Cαˆ
(ijk) . (3.15)
Note that the dimension-3/2 torsion is
T˜aˆbˆ
k
γˆ =
i
2
DkγˆWaˆbˆ +
i
2
DkγˆYaˆbˆ −
i
6
(Γ[aˆ)γˆ
δˆCbˆ]
k
δˆ
+
i
4
(Σaˆbˆ)γˆ
δˆCk
δˆ
. (3.16)
To degauge results in conformal superspace it is useful to also have the remaining
special conformal connection components Faˆ
βˆj and Faˆbˆ. They are constrained by the
dilatation curvature as follows:9
−
1
5
(Γaˆ)βˆ
γˆDδˆjWγˆδˆ = −2Faˆ
j
βˆ
− 2Fj
βˆaˆ
, (3.17a)
−
1
2
εaˆbˆcˆdˆeˆD
cˆW dˆeˆ = 4F[aˆbˆ] . (3.17b)
The explicit expressions for Faˆ
j
βˆ
and Faˆbˆ may be found by analyzing the special
conformal curvatures
R(S)AˆBˆ
γˆk = 2D[AˆFBˆ}
γˆk + T˜AˆBˆ
DˆFDˆ
γˆk + iδAˆ
δˆkFBˆ
cˆ(Γcˆ)δˆ
γˆ(−1)εBˆ
9Here we raise and lower the indices on the special conformal connection using εij , ε
αˆβˆ
and η
aˆbˆ
in the usual way.
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− iδˆBˆ
δˆkFAˆ
cˆ(Γcˆ)δˆ
γˆ(−1)εBˆεAˆ+εAˆ , (3.18a)
R(K)AˆBˆ
cˆ = 2D[AˆFBˆ}
cˆ + T˜AˆBˆ
DˆFDˆ
cˆ + iFAˆ
γˆ
kFBˆ
δˆk(Γcˆ)γˆδˆ(−1)
ε
Bˆ
− iFBˆ
γˆ
kFAˆ
δˆk(Γcˆ)γˆδˆ(−1)
ε
Bˆ
ε
Aˆ
+ε
Aˆ , (3.18b)
which appear in the algebra of the conformal covariant derivatives ∇Aˆ. The compo-
nent special conformal connections are given by:
Faˆ
j
βˆ
= −
1
10
(Γaˆ)βˆ
γˆDγˆkS
jk −
1
18
(Σaˆbˆ)βˆ
γˆDγˆkC
bˆjk −
1
24
εaˆbˆcˆdˆeˆ(Σ
dˆeˆ)βˆ
γˆDjγˆY
bˆcˆ
−
1
12
(Γbˆ)βˆ
γˆDjγˆYaˆbˆ +
1
18
DβˆkCaˆ
jk +
1
30
(Γaˆ)βˆ
γˆDδˆjWγˆδˆ
=
1
2
Yaˆ
j
βˆ
−
1
12
Caˆ
j
βˆ
−
1
16
(Γaˆ)βˆ
γˆCjγˆ −
1
8
(Γaˆ)βˆ
γˆYjγˆ , (3.19a)
Fj
βˆ aˆ
= −Faˆ
j
βˆ
+
1
10
(Γaˆ)βˆ
γˆDδˆjWγˆδˆ = −Faˆ
j
βˆ
+
1
4
(Γaˆ)βˆ
γˆXjγˆ , (3.19b)
Faˆbˆ =
i
288
ηaˆbˆ[D
αˆi,Djαˆ]Sij +
i
576
ηaˆbˆ[D
αˆ
i ,D
βˆ
j ]Cαˆβˆ
ij −
i
128
(Γ(aˆ)
αˆβˆ[Diαˆ,D
j
βˆ
]Cbˆ)ij
−
i
96
ηaˆbˆ[D
k
αˆ,Dβˆk]Y
αˆβˆ −
i
48
(Σcˆ(aˆ)
αˆβˆ [Dkαˆ,Dβˆk]Ybˆ)cˆ +
i
240
ηaˆbˆ[D
k
αˆ,Dβˆk]W
αˆβˆ
−
1
8
ηaˆbˆS
klSkl +
1
16
Caˆ
klCbˆkl −
1
32
ηaˆbˆC
cˆklCcˆkl
+
1
2
Y(aˆ
cˆYbˆ)cˆ −
1
8
ηaˆbˆY
cˆdˆYcˆdˆ −
1
8
εaˆbˆcˆdˆeˆD
cˆW dˆeˆ . (3.19c)
The above results provide us with the ingredients needed to degauge conformal
superspace to SU(2) superspace. For example, one finds the commutator
[D′aˆ,D
j
βˆ
] = −
1
2
[
(Yaˆbˆ +Waˆbˆ)(Γ
bˆ)βˆ
γˆδjk +
1
4
εaˆbˆcˆdˆeˆ(2Y
dˆeˆ −W dˆeˆ)(Σbˆcˆ)βˆ
γˆδjk
− (Γaˆ)βˆ
γˆSjk − (Σaˆbˆ)βˆ
γˆC bˆjk
]
Dkγˆ
+
1
2
[
(Γaˆ)βˆ
γˆW cˆdˆkγˆ + δ
[cˆ
aˆ
(1
3
C dˆ]βˆ
j − 2Y dˆ]βˆ
j +
1
2
(Γdˆ])βˆ
γˆ
(
Cjγˆ + 2Y
j
γˆ + 2X
j
γˆ
))
+ (Σcˆdˆ)βˆ
γˆ
(
2Yaˆγˆ
j −
1
3
Caˆγˆ
j
)
+
1
8
εaˆ
cˆdˆeˆfˆ (Σeˆfˆ)βˆ
γˆ(Cjγˆ + 2Y
j
γˆ)
]
Mcˆdˆ
+
[
3Yaˆ
(k
βˆ
εl)j −
1
3
Caˆ
(k
βˆ
εl)j +
1
8
(Γaˆ)βˆ
γˆCγˆ
jkl −
11
24
(Γaˆ)βˆ
γˆC(kγˆ ε
l)j
−
3
4
(Γaˆ)βˆ
γˆ(Y (kγˆ + 2X
(k
γˆ )ε
l)j
]
Jkl , (3.20)
which agrees with [25] up to field redefinitions. One can also derive the [D′aˆ,D
′
bˆ
]
commutator, which we will not need for this paper.
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3.3 The conformal origin of the super Weyl transformations
We have just shown that SU(2) superspace is a degauged version of conformal
superspace, in which the dilatation connection is gauged away. Although the dilata-
tions and special conformal transformations are not manifestly realized, the dilatation
symmetry has not been fixed. The symmetry remains as additional nonlinear transfor-
mations, known as super Weyl transformations. Their presence in SU(2) superspace
ensures that it describes conformal supergravity. Below we show how to recover the
super Weyl transformations from the degauging of conformal superspace.
Suppose we have gauge fixed the dilatation connection to vanish by using the spe-
cial conformal symmetry. If we now perform a dilatation with parameter σ, we must
accompany it with an additional KAˆ transformation with σ-dependent parameters
ΛAˆ(σ) to maintain the gauge BAˆ = 0, which requires(
δK(Λ(σ)) + δD(σ)
)
BAˆ = 0 . (3.21)
Using the transformation rule (2.21), we find
Λaˆ(σ) =
1
2
Daˆσ , Λαˆi(σ) = −
1
2
Dαˆiσ . (3.22)
Note that all primary superfields Φ transform homogeneously
δK(Λ(σ))Φ + δD(σ)Φ = δD(σ)Φ = wσΦ , (3.23)
where w is the dimension of Φ, DΦ = wΦ. For example, the super Weyl tensor
transforms as
δσWαˆβˆ = σWαˆβˆ . (3.24)
The super Weyl transformations of the degauged covariant derivatives DAˆ and the
special conformal connection can be read from
δσ∇Aˆ = δσDAˆ − δσFAˆ
BˆKBˆ = δK(Λ(σ))∇Aˆ + δD(σ)∇Aˆ , (3.25)
implying that the super Weyl transformations of DAˆ are
δσD
i
αˆ =
1
2
σDiαˆ + 2(D
γˆiσ)Mγˆαˆ − 3(Dαˆkσ)J
ki , (3.26a)
δσDaˆ = σDaˆ +
i
2
(Γaˆ)
γˆδˆ(Dkγˆσ)Dδˆk − (D
bˆσ)Maˆbˆ , (3.26b)
while the super Weyl transformation of, for example, Fiαˆ
βˆj is
δσF
i
αˆ
βˆj = σFiαˆ
βˆj −
1
2
DiαˆD
βˆjσ +
i
2
εijDαˆ
βˆσ = σFiαˆ
βˆj −
1
4
[Diαˆ,D
βˆj]σ . (3.27)
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Equation (3.27) implies
δσS
ij = σSij +
i
4
Dαˆ(iDj)αˆ σ , (3.28a)
δσCaˆ
ij = σCaˆ
ij +
i
2
(Γaˆ)
γˆδˆD(iγˆD
j)
δˆ
σ , (3.28b)
δσYaˆbˆ = σYaˆbˆ −
i
4
(Σaˆbˆ)
αˆβˆDkαˆDβˆkσ . (3.28c)
4 The Weyl multiplet
The 5D Weyl multiplet, constructed independently by two groups [18, 19] and
[20, 21], consists of the following matter content: four fundamental one-forms – the
vielbein emˆ
aˆ, the gravitini ψmˆ
i
αˆ, an SU(2) gauge field Vmˆ
ij, and a dilatation gauge field
bmˆ; and three covariant auxiliary fields – a real antisymmetric tensor waˆbˆ, a fermion
χiαˆ, and a real auxiliary scalar D. In addition, there are three composite one-forms
– the spin connection ωmˆ
aˆbˆ, the S-supersymmetry connection φmˆ
i
αˆ, and the special
conformal connection fmˆ
aˆ – which are algebraically determined in terms of the other
fields by imposing constraints on some of the curvature tensors.
In a standard component analysis, one begins by interpreting the seven one-forms
appearing above as connections for the 5D superconformal algebra F2(4). Associated
with each connection is a two-form field strength, constructed in the usual manner
from the superalgebra F2(4). One wishes to algebraically constrain the spin, S-
supersymmetry, and special conformal connections in terms of the other quantities:
this can be accomplished by constraining respectively the vielbein curvature R(P )mˆnˆ
aˆ,
the gravitino curvature R(Q)mˆnˆ
i
αˆ, and the conformal Lorentz curvature R(M)mˆnˆ
aˆbˆ.
However, the remaining one-forms cannot furnish an off-shell representation of a con-
formal supersymmetry algebra as the bosonic and fermionic degrees of freedom do
not match, so one is led to introduce the additional covariant fields waˆbˆ (denoted Taˆbˆ
in [20, 21] and vaˆbˆ in [18, 19]), χαˆ
i, and D. At this stage, one must determine how the
presence of the auxiliary fields deforms the supersymmetry algebra, the curvatures,
and the constraints imposed on the curvatures in a self-consistent way. In general,
there is no unique solution, and indeed, the two original groups, as well as the recent
work [50], each use different definitions for supersymmetry and for the curvatures.
In contrast, the technical advantage of a superspace approach is that once the
supergeometry is completely specified and the Bianchi identities solved, one must only
specify definitions for the component fields – their supersymmetry transformations
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and the corresponding curvatures are then completely determined. Our goal in this
section is to demonstrate precisely how this occurs for the 5D Weyl multiplet.
4.1 Component fields and curvatures from superspace
We begin by identifying the various component fields of the Weyl multiplet. Let
us start with the vielbein and gravitino. These appear as the coefficients of dxmˆ
of the supervielbein EAˆ = (E aˆ, Eαˆi ) = dz
Mˆ EMˆ
Aˆ. It is convenient to introduce the
so-called double bar projection [51, 52], denoted by EAˆ||, that restricts to θ = dθ = 0,
corresponding to the bosonic part T ∗M5 of the cotangent bundle T ∗M5|8, whereM5
is the bosonic body of the curved superspace M5|8. Then we can define10
eaˆ = dxmˆemˆ
aˆ := E aˆ|| , ψiαˆ = dx
mˆψmˆ
i
αˆ := 2E
i
αˆ|| . (4.1)
This is equivalent to defining emˆ
aˆ = Emˆ
aˆ| and ψmˆiαˆ = 2Emˆ
i
αˆ| where the single vertical
bar denotes the usual component projection to θ = 0, i.e. V (z)| := V (z)|θ=0 for any
superfield V (z). In like fashion the remaining fundamental and composite one-forms
are found by taking the projections of the corresponding superforms,
V ij := Φij || , b := B|| , ωaˆbˆ := Ωaˆbˆ|| , φiαˆ := 2F
i
αˆ|| , f
aˆ := Faˆ|| . (4.2)
The additional auxiliary fields are contained within the curvature superfield Wαˆβˆ,
wαˆβˆ := Wαˆβˆ| , χ
i
αˆ :=
3i
32
X iαˆ| , D := −
3
128
Y | . (4.3)
The normalizations we have chosen for χiαˆ and D coincide with the normalizations of
[20, 21] and [50]. The other independent components of the curvature superfield are
given byWaˆbˆαˆ
i| and by Xaˆbˆ
ij |, and will turn out to be given by some of the component
curvatures.
It should be mentioned that one can impose a Wess-Zumino gauge to fix the
θ expansions of the super one-forms, so that they are completely determined by the
above fields. This ensures that the entire physical content of the superspace geometry
is accounted for. In practice, it is usually unnecessary to do this explicitly.
Now we may determine the so-called supercovariant curvatures. In terms of the
connection one-forms, the covariant derivative ∇aˆ| is defined by taking the double
10We define the gravitino with a lowered spinor index and a raised SU(2) index. We follow similar
conventions when defining other component fields.
26
bar projection of equation (2.6), leading to
emˆ
aˆ∇aˆ| = ∂mˆ −
1
2
ψmˆ
αˆ
i ∇
i
αˆ| −
1
2
ωmˆ
aˆbˆMaˆbˆ − bmˆD− Vmˆ
ijJij −
1
2
φmˆ
αˆiSαˆi − fmˆ
aˆKaˆ ,
(4.4)
where we have defined the lowest component of the superspace operator ∇iαˆ| such
that for an arbitrary tensor superfield U
(∇iαˆ|U)| = (∇
i
αˆU)| . (4.5)
We interpret ∇iαˆ| as the generator of supersymmetry. In what follows we will drop
the bar projection from ∇aˆ| when it is clear from context to which we are referring.
It will be convenient to also introduce the spin, dilatation, and SU(2) covariant
derivative
Dmˆ := ∂mˆ −
1
2
ωmˆ
bˆcˆMbˆcˆ − bmˆD− Vmˆ
ijJij , (4.6a)
Daˆ := eaˆ
mˆDmˆ = eaˆ
mˆ∂mˆ −
1
2
ωaˆ
bˆcˆMbˆcˆ − baˆD− Vaˆ
ijJij , (4.6b)
where
ωaˆ
bˆcˆ := eaˆ
mˆωmˆ
bˆcˆ , baˆ := eaˆ
mˆbmˆ , Vaˆ
ij := eaˆ
mˆVmˆ
ij . (4.7)
The supercovariant curvature tensors are given by
[∇aˆ,∇bˆ] = −R(P )aˆbˆ
cˆ∇cˆ − R(Q)aˆbˆ
αˆ
i ∇
i
αˆ| −
1
2
R(M)aˆbˆ
cˆdˆMcˆdˆ −R(J)aˆbˆ
ijJij
− R(D)aˆbˆD−R(S)aˆbˆ
γˆkSγˆk −R(K)aˆbˆ
cˆKcˆ (4.8)
and are found by taking the component projections of the curvature tensors in (2.35c).
We have introduced the expressions
R(P )aˆbˆ
cˆ = Taˆbˆ
cˆ| , R(Q)aˆbˆ
i
αˆ = Taˆbˆ
i
αˆ| , (4.9)
for the lowest components of the superspace torsion tensors to match the usual com-
ponent nomenclature.
At this stage there are two distinct expressions we can give for each of the curvature
tensors. Let us demonstrate with R(P )aˆbˆ
cˆ. We can write two equivalent expressions
for the double-bar projection of the torsion two-form T cˆ,
T
cˆ|| =
1
2
dxnˆ ∧ dxmˆ Tmˆnˆ
cˆ| = dxnˆ ∧ dxmˆD[mˆenˆ]
cˆ (4.10)
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and
T
cˆ|| =
1
2
(−1)εAˆεBˆEAˆ ∧ EBˆTAˆBˆ
cˆ||
=
1
2
dxnˆ ∧ dxmˆ
(
emˆ
aˆenˆ
bˆ
Taˆbˆ
cˆ|+ e[mˆ
aˆ ψnˆ]
βˆ
j Taˆ
j
βˆ
cˆ| −
1
4
ψmˆ
αˆ
i ψnˆ
βˆ
j T
i
αˆ
j
βˆ
cˆ|
)
=
1
2
dxnˆ ∧ dxmˆ
(
emˆ
aˆenˆ
bˆR(P )aˆbˆ
cˆ +
i
2
ψmˆjΓ
cˆψnˆ
j
)
. (4.11)
Equating the two expressions provides a definition for the supercovariant curvature
R(P )aˆbˆ
cˆ. Proceeding in this way for the other curvature two-forms, we find the
following definitions:
R(P )aˆbˆ
cˆ := 2 eaˆ
mˆebˆ
nˆD[mˆenˆ]
cˆ −
i
2
ψaˆjΓ
cˆψbˆ
j (4.12a)
R(Q)aˆbˆ
i
αˆ := eaˆ
mˆebˆ
nˆD[mˆψnˆ]
i
αˆ + i(Γ[aˆφbˆ]
i)αˆ +
1
2
wcˆdˆ (Σ
cˆdˆΓ[aˆψbˆ]
i)αˆ , (4.12b)
R(M)aˆbˆ
cˆdˆ := R(ω)aˆbˆ
cˆdˆ + 8 δ[aˆ
[cfbˆ]
d] − 2ψ[aˆjΣ
cˆdˆφbˆ]
j − 2i(ψ[aˆjΓbˆ]R(Q)
cˆdˆj)
−
32i
3
(ψ[aˆjΓbˆ]Σ
cˆdˆχj) +
i
2
ψaˆjψbˆ
jwcˆdˆ , (4.12c)
R(J)aˆbˆ
ij := R(V)aˆbˆ
ij − 3 (ψ[aˆ
(iφbˆ]
j))− 16i (ψ[aˆ
(iΓbˆ]χ
j)) , (4.12d)
R(D)aˆbˆ := 2 eaˆ
mˆebˆ
nˆ∂[mˆbnˆ] + 4 f[aˆbˆ] + (ψ[aˆjφbˆ]
j) +
16i
3
(ψ[aˆkΓbˆ]χ
k) , (4.12e)
where we have introduced
ψaˆ
βˆ
j := eaˆ
mˆψmˆ
βˆ
j , φaˆ
βˆ
j := eaˆ
mˆφmˆ
βˆ
j , faˆ
bˆ = eaˆ
mˆfmˆ
bˆ (4.13)
and the curvatures
R(ω)aˆbˆ
cˆdˆ := 2eaˆ
mˆebˆ
nˆ(∂[mˆωnˆ]
cˆdˆ − 2ω[mˆ
cˆeˆωnˆ]eˆ
dˆ) , (4.14)
R(V)aˆbˆ
ij := 2 eaˆ
mˆebˆ
nˆ
(
∂[mˆV
ij
nˆ] + V
k(i
[mˆ V
j)
nˆ]k
)
. (4.15)
The supercovariant forms of R(S)aˆbˆ
i
αˆ and R(K)aˆbˆ
cˆ are a good deal more complicated,
so we do not give them here.
4.2 Analysis of the curvature constraints
We have not yet employed the constraints imposed by superspace on the curva-
tures. They are
R(P )aˆbˆ
cˆ = −w˜aˆbˆ
cˆ ≡ −
1
2
εaˆbˆ
cˆdˆeˆwdˆeˆ , (4.16a)
(ΓaˆR(Q)aˆbˆ
i)αˆ = −
32
3
(Γbˆχ
i)αˆ , (4.16b)
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R(M)aˆbˆ
cˆbˆ = −
32
3
δcˆaˆD − waˆdˆw
cˆdˆ −∇dˆw˜dˆaˆ
cˆ , (4.16c)
and respectively determine the spin connection, the S-supersymmetry connection,
and the K-connection. In contrast to previous conventions employed in the liter-
ature, these are actually S-invariant constraints. The reason for this is that the
superspace operators ∇iαˆ and ∇aˆ have the same algebra with Sαˆi as one finds in the
superconformal algebra F2(4). The price one pays for this simplicity is that the com-
posite connections will turn out to depend rather more significantly on the auxiliary
fields waˆbˆ, χ
i
αˆ and D than one might have wished.
The first constraint (4.16a) determines the spin connection to be
ωaˆbˆcˆ = ω(e)aˆbˆcˆ +
i
4
(ψaˆkΓcˆψbˆ
k + ψcˆkΓbˆψaˆ
k − ψbˆkΓaˆψcˆ
k) + 2b[bˆηcˆ]aˆ −
1
4
εaˆbˆcˆ
dˆeˆwdˆeˆ , (4.17)
where ω(e)aˆbˆcˆ = −
1
2
(Caˆbˆcˆ+Ccˆaˆbˆ−Cbˆcˆaˆ) is the usual spin connection of general relativity,
given in terms of the anholonomy coefficient Cmˆnˆ
aˆ := 2 ∂[mˆenˆ]
aˆ. Note that the spin
connection ωaˆbˆcˆ possesses torsion: in addition to the usual contribution from the
gravitino bilinears, there is additional bosonic torsion from the auxiliary field waˆbˆ.
From the second constraint (4.16b), we find the S-supersymmetry connection
iφmˆ
i =
8
3
Γmˆχ
i +
1
3
(Γ[pˆδ
qˆ]
mˆ +
1
4
ΓmˆΣ
pˆqˆ)(Ψpˆqˆ
i + waˆbˆΣ
aˆbˆΓ[pˆψqˆ]
i) , (4.18)
where we have suppressed spinor indices for legibility and introduced the gravitino
field strength Ψmˆnˆ
i
αˆ := 2D[mˆψnˆ]
i
αˆ. Reinserting this back into the original expression
for R(Q), we find that
R(Q)aˆbˆ
i =
1
2
Πaˆbˆ
cˆdˆ
(
Ψcˆdˆ
i − wcˆdˆΓ
eψe
i − w˜aˆbˆ
cˆψc
i
)
−
16
3
Σaˆbˆχ
i , (4.19)
where the spinor projection operator
Πaˆbˆ
cˆdˆ := δ
[cˆ
aˆ δ
dˆ]
bˆ
+
2
3
δ
[cˆ
[aˆΓbˆ]Γ
dˆ] −
1
3
ΣaˆbˆΣ
cˆdˆ , ΓaˆΠaˆbˆ
cˆdˆ = 0 , Π2 = Π , (4.20)
projects onto the Γ-traceless part of a spinor-valued two-form. It is convenient to
introduce a separate symbol Rˆ(Q)aˆbˆ
i
αˆ for the first term of (4.19),
Rˆ(Q)aˆbˆ
i =
1
2
Πaˆbˆ
cˆdˆ
(
Ψcˆdˆ
i − wcˆdˆΓ
eˆψeˆ
i − w˜aˆbˆ
cˆψcˆ
i
)
, (4.21)
to its Γ-traceless part. Using (2.36b), we find that one of the remaining components
of the superspace curvature is determined,
Wαˆβˆγˆ
i| = i(Σaˆbˆ)αˆβˆ Rˆ(Q)aˆbˆ
i
γˆ = iΨ(γˆβˆαˆ)
i + iw(γˆβˆψαˆ)δˆ
δˆi − iwδˆ(αˆψ
δˆ
γˆβˆ)
i . (4.22)
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From the third constraint (4.16c), one can show that
faˆ
bˆ = −
2
3
δaˆ
bˆ
D −
1
6
waˆcˆw
bˆcˆ +
1
48
δbˆaˆw
cˆdˆwcˆdˆ −
1
6
∇cˆw˜cˆaˆ
bˆ −
1
6
Raˆ
bˆ(ω) +
1
48
δbˆaˆR(ω)
−
i
6
(ψdˆΓaˆRˆ(Q)
bˆdˆj) +
1
3
(ψ[aˆjΣ
bˆcˆφcˆ]
j)−
1
24
δbˆaˆ(ψcˆjΣ
cˆdˆφdˆ
j)
−
i
12
(ψaˆjψcˆ
j)wbˆcˆ +
i
96
δbˆaˆ(ψcˆjψdˆ
j)wcˆdˆ , (4.23)
where Raˆ
bˆ(ω) = Raˆcˆ
bˆcˆ(ω) and R(ω) = Raˆ
aˆ(ω). In principle, one can reinsert this
expression into R(M)aˆbˆ
cˆdˆ. The result is quite complicated; we remark only that it
can be written
R(M)aˆbˆ
cˆdˆ = C(ω)aˆbˆ
cˆdˆ −
4
3
δ[aˆ
[cˆwbˆ]eˆw
dˆ]eˆ −
4
3
∇eˆw˜eˆ[aˆ
[cˆδbˆ]
dˆ]
+ δ[aˆ
[cˆδbˆ]
dˆ]
(1
6
weˆfˆweˆfˆ −
16
3
D
)
+ (explicit gravitino terms) , (4.24)
where C(ω)aˆbˆ
cˆdˆ = R(ω)aˆbˆ
cˆdˆ − 4
3
δ[aˆ
[cˆR(ω)bˆ]
dˆ] + 1
6
δ[aˆ
[cˆδbˆ]
dˆ]R(ω) is the traceless part of
the tensor R(ω)aˆbˆ
cˆdˆ. This is not quite the usual Weyl tensor because of the presence
of bosonic torsion in the spin connection. The superspace expression for R(M)aˆbˆ
cˆdˆ
in principle determines Wαˆβˆγˆδˆ|; however, we will find a more useful form of this
expression using a different method shortly.
For the remaining dimension-2 curvatures, we find
R(D)aˆbˆ = −∇
cˆw˜cˆaˆbˆ , R(J)aˆbˆ
ij = −
3i
4
Xaˆbˆ
ij | . (4.25)
The first equation is automatically satisfied upon substituting into R(D) the expres-
sion for fmˆ
aˆ. The second equation serves as a definition for the remaining undeter-
mined component Xaˆbˆ
ij | of the Weyl superfield.
4.3 Supersymmetry transformations of the fundamental fields
Here we present the complete Q, S, and K transformations for the fundamental
fields of the Weyl multiplet. The transformations of the one-forms follow from eq.
(2.21), while those of the covariant fields can be read off from (2.33):
δemˆ
aˆ = i(ξjΓ
aˆψmˆ
j) , (4.26a)
δψmˆ
i
αˆ = 2Dmˆξ
i
αˆ + wcˆdˆ(Σ
cˆdˆΓmˆξ
i)αˆ + 2i(Γmˆη
i)αˆ , (4.26b)
δVmˆ
ij = 3ξ(iφmˆ
j) + 16i ξ(iΓmˆχ
j) − 3η(iψmˆ
j) , (4.26c)
δbmˆ = −ξkφmˆ
k −
16i
3
ξkΓmˆχ
k − ηkψmˆ
k − 2 emˆ
aˆΛKaˆ , (4.26d)
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δwaˆbˆ = 2i ξiR(Q)aˆbˆ
i , (4.26e)
δχiαˆ =
1
2
ξiαˆD +
3
128
(∇aˆwbˆcˆ)
(
3(ΣbˆcˆΓaˆξi)αˆ + (Γ
aˆΣbˆcˆξi)αˆ
)
−
1
16
R(J)aˆbˆ
i
j(Σ
aˆbˆξj)αˆ −
3i
16
waˆbˆ(Σ
aˆbˆηi)αˆ , (4.26f)
δD = 2i (ξj /∇χ
j) + 2 (ηjχ
j) . (4.26g)
One can also derive the transformations of the composite one-forms from (2.21).
For example, the transformations for the spin connection and the S-supersymmetry
connection are
δωmˆ
aˆbˆ = −i ξjψmˆ
jwaˆbˆ + 2i ξjΓmˆR(Q)
aˆbˆj +
32i
3
ξjΓmˆΣ
aˆbˆχj + 2ξkΣ
aˆbˆφmˆ
k
− 2ηjΣ
aˆbˆψmˆ
j + 4emˆ
[aˆΛ
bˆ]
K , (4.27)
δφmˆ
i
αˆ = −2i fmˆ
aˆ(Γaˆξ
i)αˆ −
16
3
(ξjψmˆ
j)χiαˆ −
8i
3
(Γmˆξ
i)αˆD
−
i
8
(∇aˆwbˆcˆ)(Σ
bˆcˆΓaˆΓmˆ + 3Γ
aˆΣbˆcˆΓmˆ)αˆ
βˆξi
βˆ
+
i
3
R(J)aˆbˆ
ij (ΣaˆbˆΓmˆξj)αˆ
+ 2Dmˆη
i
αˆ + iΛ
bˆ
K(Γbˆψmˆ
i)αˆ , (4.28)
where ΛaˆK parametrizes the special conformal transformations. We do not give here
the transformation rule for fmˆ
aˆ as it is quite complicated.
4.4 A new choice for component constraints
As already alluded to, the component constraints (4.16) we have found from su-
perspace are quite interesting from a technical standpoint: they are S-invariant. This
is reflected in the fact that the S-supersymmetry transformations of the various one-
forms are exactly those derived from the algebra F 2(4). However, this comes with
a price: we must introduce bosonic torsion involving the field waˆbˆ into the spin con-
nection. Similarly, the S-supersymmetry and special conformal connections (4.18)
and (4.23) include additional contributions from the auxiliary fields. The last case is
particularly inconvenient – it reflects the fact that R(M)aˆbˆcˆdˆ is not just a minimally
covariantized version of the Weyl tensor, but depends additionally on the auxiliary
fields D, χαˆ
i, and waˆbˆ. From a component point of view, it would be more convenient
to extract these dependences so that the component fields and curvatures are as sim-
ply defined as possible. This will turn out to lead to a formulation that more closely
resembles those of [18, 19, 20, 21, 22].
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Let us begin by introducing new definitions for the composite spin, S-supersymmetry,
and K-connections:
ωˆaˆbˆcˆ := ωaˆbˆcˆ +
1
2
w˜aˆbˆcˆ , (4.29a)
i φˆmˆ
i := iφmˆ
i −
8
3
Γmˆχ
i , (4.29b)
fˆaˆ
bˆ := faˆ
bˆ +
2
3
δaˆ
bˆD +
1
4
waˆdˆw
bˆdˆ +
1
4
∇cˆw˜cˆaˆ
bˆ −
3
64
wcˆdˆwcˆdˆδaˆ
bˆ . (4.29c)
These definitions actually correspond to a redefinition of the superspace vector co-
variant derivative,
∇ˆaˆ = ∇aˆ −
1
4
W˜aˆbˆcˆM
bˆcˆ +
1
8
X βˆi(Γaˆ)βˆ
αˆSαˆi +
1
64
(
Y + 3W bˆcˆWbˆcˆ
)
Kaˆ
−
1
4
(∇cˆW˜cˆaˆ
bˆ)Kbˆ −
1
4
WaˆdˆW
bˆdˆKbˆ . (4.30)
We discuss further this superspace interpretation in Appendix C.
The new curvatures given by the algebra [∇ˆaˆ, ∇ˆbˆ] are
Rˆ(P )aˆbˆ
cˆ = 2 eaˆ
mˆebˆ
nˆDˆ[mˆenˆ]
cˆ −
i
2
ψaˆjΓ
cˆψbˆ
j , (4.31a)
Rˆ(Q)aˆbˆ
i
αˆ = eaˆ
mˆebˆ
nˆDˆ[mˆψnˆ]
i
αˆ + i(Γ[aˆφˆbˆ]
i)αˆ
+
1
8
wcˆdˆ
(
3(ΣcˆdˆΓ[aˆ)αˆ
βˆ − (Γ[aˆΣ
cˆdˆ)αˆ
βˆ
)
ψbˆ]
i
βˆ
, (4.31b)
Rˆ(M)aˆbˆ
cˆdˆ = R(ωˆ)aˆbˆ
cˆdˆ + 8 δ[aˆ
[cˆfˆbˆ]
dˆ] − 2ψ[aˆjΣ
cˆdˆφˆbˆ]
j
+
16i
3
δ[aˆ
[cˆψbˆ]iΓ
dˆ]χi − iψ[aˆi
(
Γbˆ]Rˆ(Q)
cˆdˆi + 2Γ[cˆRˆ(Q)bˆ]
dˆ]i
)
+
i
2
ψaˆjψbˆ
jwcˆdˆ −
i
4
(ψaˆjΓeˆψb
j)w˜cˆdˆeˆ , (4.31c)
Rˆ(J)aˆbˆ
ij = R(V)aˆbˆ
ij − 3ψ(i[aˆφˆbˆ]
j) − 8iψ(i[aˆΓbˆ]χ
j) , (4.31d)
Rˆ(D)aˆbˆ = 2 eaˆ
mˆebˆ
nˆ∂[mˆbnˆ] + 4 fˆ[aˆbˆ] + ψ[aˆjφˆbˆ]
j +
8i
3
ψ[aˆjΓbˆ]χ
j , (4.31e)
where we have introduced
Dˆaˆ = eaˆ
mˆ∂mˆ −
1
2
ωˆaˆ
bˆcˆMbˆcˆ − baˆD− Vaˆ
ijJij , Dmˆ = emˆ
aˆDˆaˆ . (4.32)
We postpone for the moment a discussion of Rˆ(S)aˆbˆ
αˆi and Rˆ(K)aˆbˆ
cˆ.
The curvatures turn out to obey the constraints
Rˆ(P )aˆbˆ
cˆ = 0 , (Γaˆ)αˆ
βˆRˆ(Q)aˆbˆ
i
βˆ
= 0 , Rˆ(M)aˆbˆ
cˆbˆ = 0 . (4.33)
These coincide with the constraints usually imposed in the component formulations
and are not S-invariant. This is a consequence of the redefinition of the auxiliary
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connections, which deforms their S-supersymmetry transformations. Equivalently,
[Sαˆi, ∇ˆaˆ] is no longer given in superspace simply by i(Γαˆ)αˆβˆ∇βˆi.
The constraints are solved by
ωˆaˆbˆcˆ = ω(e)aˆbˆcˆ +
i
4
(ψaˆkΓcˆψbˆ
k + ψcˆkΓbˆψaˆ
k − ψbˆkΓaˆψcˆ
k) + 2b[bˆηcˆ]aˆ , (4.34a)
i φˆmˆ
i =
2
3
(Γ[pˆδmˆ
qˆ] +
1
4
ΓmˆΣ
pˆqˆ)
(
Dˆ[pˆψqˆ]
i +
1
8
wcˆdˆ
(
3ΣcˆdˆΓ[pˆψqˆ]
i − Γ[pˆΣ
cˆdˆψqˆ]
i
))
, (4.34b)
fˆaˆ
bˆ = −
1
6
R(ωˆ)aˆcˆ
bˆcˆ +
1
48
δaˆ
bˆR(ωˆ)cˆdˆ
cˆdˆ −
i
6
ψcˆjΓ
[bˆRˆ(Q)aˆ
cˆ]j −
i
12
ψcˆjΓaˆRˆ(Q)
bˆcˆj
+
1
3
ψ[aˆjΣ
bˆdˆφˆdˆ]
j −
1
24
δaˆ
bˆ(ψcˆjΣ
cˆdˆφˆdˆ
j)−
2i
3
(ψaˆjΓ
bˆχj)
−
i
12
ψaˆjψcˆ
jwbˆcˆ +
i
24
(ψaˆjΓeˆψdˆ
j)w˜bˆdˆeˆ
+
i
192
δaˆ
bˆ
(
2(ψcˆjψdˆ
j)wcˆdˆ − (ψcˆjΓeˆψdˆ
j)w˜cˆdˆeˆ
)
. (4.34c)
One may confirm that these are equivalent to (4.29).
This redefinition dramatically simplifies many of the component curvatures. As
we have already seen, Rˆ(P )aˆbˆ
cˆ vanishes. The curvature Rˆ(Q)aˆbˆ
i
αˆ turns out to coincide
with the identically named quantity introduced in (4.21). Using the redefined spin
connection, one has
Rˆ(Q)aˆbˆ
i =
1
2
Πaˆbˆ
cˆdˆ
(
Ψˆcˆdˆ
i −
3
4
wcˆdˆΓ
eˆψeˆ
i −
3
4
w˜aˆbˆ
cˆψcˆ
i
)
. (4.35)
The curvature Rˆ(D)aˆbˆ now vanishes while Rˆ(J)aˆbˆ
ij is unchanged,
Rˆ(D)aˆbˆ = 0 , Rˆ(J)aˆbˆ
ij = R(J)aˆbˆ
ij = −
3i
4
Xaˆbˆ
ij| . (4.36)
The Lorentz curvature tensor Rˆ(M)aˆbˆ
cˆdˆ turns out to be simplified the most and is
given, up to terms of the form ψDψ and ψ2w, as
Rˆ(M)aˆbˆ
cˆdˆ = C(ωˆ)aˆbˆ
cˆdˆ + (explicit gravitino bilinears) , (4.37)
where C(ωˆ)aˆbˆ
cˆdˆ is the Weyl tensor. Remarkably, from eq. (C.7e), one finds the rather
simple expression
Rˆ(M)aˆbˆ
cˆdˆ = −
1
4
(Σaˆbˆ)
αˆβˆ(Σcˆdˆ)γˆδˆ
(
iWαˆβˆγˆδˆ|+ 3w(αˆβˆwγˆδˆ)
)
(4.38)
defining the remaining undetermined componentWαˆβˆγˆδˆ| in terms of the new curvature
Rˆ(M)aˆbˆ
cˆdˆ. In practice, this is the most convenient definition of Wαˆβˆγˆδˆ|.
In principle, one can construct expressions for Rˆ(S)aˆbˆ
i
αˆ and Rˆ(K)aˆbˆ
cˆ explicitly
in terms of φˆmˆ
i
αˆ and fˆmˆ
aˆ in analogy with (4.31). In practice, such expressions are
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not terribly useful since these connections are composite quantities. Instead, we
can follow the component technique of analyzing the component Bianchi identities,
which in our case is equivalent to projecting the corresponding superspace curvatures,
Rˆ(S)aˆbˆ
i
αˆ = Rˆ(S)aˆbˆ
i
αˆ| and Rˆ(K)aˆbˆ
cˆ = Rˆ(K)aˆbˆ
cˆ|. This results in
iRˆ(S)aˆbˆ
i = /ˆ∇Rˆ(Q)aˆbˆ
i + ∇ˆcˆ(Γ[aˆRˆ(Q)bˆ]cˆ
i) +
1
8
wcˆdˆΣ
cˆdˆRˆ(Q)aˆbˆ
i −
1
8
wcˆdˆΣaˆbˆRˆ(Q)cˆdˆ
i
−
3
4
wcˆ[aˆRˆ(Q)bˆ]cˆ
i , (4.39)
Rˆ(K)aˆbˆ
cˆ =
1
4
∇ˆdˆRˆ(M)aˆbˆ
cˆdˆ −
4i
3
Rˆ(Q)aˆbˆjΓ
cˆχj +
i
2
Rˆ(Q)dˆ[aˆjΓbˆ]Rˆ(Q)
cˆdˆj
−
i
2
Rˆ(Q)aˆdˆjΓ
cˆRˆ(Q)bˆ
dˆj . (4.40)
It is useful to note the subsidiary relations
i ΓbˆRˆ(S)aˆbˆ
i = −
1
2
∇ˆbˆRˆ(Q)aˆbˆ
i −
5
8
wbˆcˆΓbˆRˆ(Q)aˆcˆ
i +
1
4
wbˆcˆΓaˆRˆ(Q)bˆcˆ
i ,
i ΓaˆΓbˆRˆ(S)aˆbˆ
i = 0 , Rˆ(K)aˆbˆ
bˆ = 0 . (4.41)
The Q, S, and K transformations of the independent component fields are un-
changed from (4.26), up to the redefinitions occurring above. These lead to
δemˆ
aˆ = i(ξjΓ
aˆψmˆ
j) , (4.42a)
δψmˆ
i
αˆ = 2Dˆmˆξ
i
αˆ −
1
4
wcˆdˆ
(
(ΓmˆΣ
cˆdˆ)αˆ
βˆ − 3(ΣcˆdˆΓmˆ)αˆ
βˆ
)
ξi
βˆ
+ 2i (Γmˆη
i)αˆ , (4.42b)
δVmˆ
ij = 3ξ(iφˆmˆ
j) + 8i ξ(iΓmˆχ
j) − 3 η(iψmˆ
j) , (4.42c)
δbmˆ = −ξkφˆmˆ
k −
8i
3
ξkΓmˆχ
k − ηkψmˆ
k − 2 emˆ
aˆΛaˆ , (4.42d)
δwaˆbˆ = 2i ξiRˆ(Q)aˆbˆ
i −
32i
3
ξiΣaˆbˆχ
i , (4.42e)
δχiαˆ =
1
2
ξiαˆD −
1
16
Rˆ(J)aˆbˆ
i
j(Σ
aˆbˆξj)αˆ +
3
128
(∇ˆaˆwbˆcˆ)
(
3(ΣbˆcˆΓaˆξi)αˆ + (Γ
aˆΣbˆcˆξi)αˆ
)
+
3
256
waˆbˆwcˆdˆε
aˆbˆcˆdˆeˆ(Γeˆξ
i)αˆ −
3i
16
waˆbˆ(Σ
aˆbˆηi)αˆ , (4.42f)
δD = 2i ξi /ˆ∇χ
i + iwaˆbˆ(ξiΣ
aˆbˆχi) + 2 ηjχ
j . (4.42g)
We emphasize that the supersymmetry transformations are equivalent to (4.26)
and only the definition of the composite connections have been altered.
We have already noted the resemblance between the constraints (4.33) and those
found in the existing literature. The supersymmetry transformations given above
turn out to coincide very closely with those of [50], up to a field-dependent K-
transformation. The differences with the other groups are more involved. For refer-
ence, we provide a translation table in Appendix D between our conventions, employ-
ing the redefined composite connections, and those of the other groups.
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5 The covariant projective multiplets in conformal
superspace
Within the superspace approach to N = 1 supergravity in five dimensions [23,
24, 25], general supergravity-matter systems are described in terms of covariant pro-
jective multiplets. These are curved-superspace generalizations of the 5D supercon-
formal projective multiplets [32]. In this section, the concept of covariant projective
multiplets is reformulated in conformal superspace, a general procedure to generate
such multiplets is given, and a universal locally supersymmetric action principle is
presented.
5.1 Covariant projective multiplets
Let vi ∈ C2 \ {0} denote inhomogeneous coordinates for CP 1. A covariant projec-
tive multiplet of weight n, Q(n)(z, v), is defined to be a conformal primary Lorentz-
scalar superfield,11
SiαˆQ
(n) = 0 , (5.1)
that lives on the curved superspaceM5|8, is holomorphic with respect to the isospinor
vi on an open domain of C2 \ {0}, and is characterized by the following properties:
• it obeys the covariant analyticity constraint
∇(1)αˆ Q
(n) = 0 , ∇(1)αˆ := vi∇
i
αˆ ; (5.2)
• it is a homogeneous function of v of degree n, that is,
Q(n)(c v) = cnQ(n)(v) , c ∈ C \ {0} ; (5.3)
• the supergravity gauge transformation (2.21) acts on Q(n) as follows:
δGQ
(n) =
(
ξCˆ∇Cˆ + Λ
ijJij + σD
)
Q(n) , (5.4a)
ΛijJijQ
(n) = −
(
Λ(2)∂(−2) − nΛ(0)
)
Q(n) . (5.4b)
11As a rule, we will not indicate the z-dependence of Q(n)(z, v).
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Here we have introduced the differential operator
∂(−2) :=
1
(v, u)
ui
∂
∂vi
, (5.5)
and also defined the parameters
Λ(2) := Λij vivj , Λ
(0) :=
viuj
(v, u)
Λij , (v, u) := viui . (5.6)
The expressions in (5.5) and (5.6) involve a second isospinor ui which is subject to
the condition (v, u) 6= 0, but otherwise it is completely arbitrary. The isospinors vi
and ui are defined to be inert under the action of the supergravity gauge group. For
later use, in addition to (5.5), we also introduce the operators
∂(2) := (v, u)vi
∂
∂ui
, ∂(0) := vi
∂
∂vi
− ui
∂
∂ui
, (5.7)
such that
[∂(0), ∂(±2)] = ±2∂(±2) , [∂(2), ∂(−2)] = ∂(0) . (5.8)
By construction, the superfield Q(n) is independent of u, i.e. ∂Q(n)/∂ui = 0. It is not
difficult to check that the variation δGQ
(n) defined by (5.4) is characterized by the
same property, ∂(δGQ
(n))/∂ui = 0, due to (5.3).
Since the spinor covariant derivatives satisfy
{∇(iαˆ ,∇
j)
βˆ
} = 0 ⇐⇒ {∇(1)αˆ ,∇
(1)
βˆ
} = 0 , (5.9)
the analyticity constraint (5.2) is clearly consistent with the algebra of covariant
derivatives. However, we still need to check whether the conformal primary constraint
on Q(n), SiαˆQ
(n) = 0, and the analyticity constraint, ∇(1)αˆ Q
(n) = 0, are mutually
consistent. In complete analogy with the 4D N = 2 supergravity analysis of [53, 54],
the constraints SiαˆQ
(n) = 0 and ∇(1)αˆ Q
(n) = 0 lead to the integrability condition
0 = {Siαˆ,∇
(1)
βˆ
}Q(n) = vj
(
2εαˆβˆε
ij
D+ 6εαˆβˆJ
ij
)
Q(n) = εαˆβˆv
i
(
2D− 3n
)
Q(n) , (5.10)
which uniquely fixes the dimension of Q(n) to be [25]
DQ(n) =
3n
2
Q(n) . (5.11)
The above definition of the covariant projective multiplets may be generalized by
removing the constraint SiαˆQ
(n) = 0.12 For instance, given a non-primary scalar Φ,
12Non-primary projective multiplets, which possess inhomogeneous super Weyl transformation
laws, naturally occur within the SU(2) superspace approach [25].
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the superfield Ψ(4) := ∆(4)Φ is non-primary and analytic, ∇(1)αˆ Ψ
(4) = 0, with the
operator ∆(4) defined by (5.21c).
The analyticity constraint (5.2) and the homogeneity condition (5.3) are consis-
tent with the interpretation that the isospinor vi ∈ C2 \ {0} is defined modulo the
equivalence relation vi ∼ c vi, with c ∈ C\{0}, hence it parametrizes CP 1. Therefore,
the projective multiplets live inM5|8×CP 1, a curved five-dimensional analog of the
4D N = 2 projective superspace R4|8 × CP 1 [34, 35, 36].13
There exists a real structure on the space of projective multiplets. Given a weight-
n projective multiplet Q(n)(vi), its smile conjugate Q˘(n)(vi) is defined by
Q(n)(vi) −→ Q¯(n)(v¯i) −→ Q¯
(n)
(
v¯i → −vi
)
=: Q˘(n)(vi) , (5.12)
with Q¯(n)(v¯i) := Q(n)(vi) the complex conjugate of Q
(n)(vi), and v¯i the complex
conjugate of vi. One can show that Q˘(n)(v) is a weight-n projective multiplet. In
particular, Q˘(n)(v) obeys the analyticity constraint ∇(1)αˆ Q˘
(n) = 0, unlike the complex
conjugate of Q(n)(v). One can also check that
˘˘
Q(n)(v) = (−1)nQ(n)(v) . (5.13)
Therefore, if n is even, one can define real projective multiplets, which are constrained
by Q˘(2n) = Q(2n). Note that geometrically, the smile-conjugation is complex conjuga-
tion composed with the antipodal map on the projective space CP 1.
We now list some projective multiplets that can be used to describe superfield
dynamical variables.14 A complex O(m) multiplet, with m = 1, 2, . . . , is described
by a weight-m projective superfield H(m)(v) of the form:
H(m)(v) = H i1...imvi1 . . . vim . (5.14)
The analyticity constraint (5.2) is equivalent to
∇(i1αˆ H
i2...im+1) = 0 . (5.15)
If m is even, m = 2n, we can define a real O(2n) multiplet obeying the reality
condition H˘(2n) = H(2n), or equivalently
H i1...i2n = Hi1...i2n = εi1j1 · · · εi2nj2nH
j1...j2n . (5.16)
13The superspace R4|8×CP 1 was introduced for the first time by Rosly [55]. The same superspace
is at the heart of the harmonic [56, 57] and projective [34, 35, 36] superspace approaches.
14In 4D N = 2 Poincare´ supersymmetry, the modern terminology for projective multiplets was
introduced in [58].
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For n > 1, the real O(2n) multiplet can be used to describe an off-shell (neutral)
hypermultiplet.
The O(m) multiplets, H(m)(v), are well defined on the entire projective space
CP 1. There also exist important projective multiplets that are defined only on an
open domain of CP 1. Before introducing them, let us give a few definitions. We
define the north chart of CP 1 to consist of those points for which the first component
of vi = (v1, v2) is non-zero, v1 6= 0. The north chart may be parametrized by the
complex inhomogeneous coordinate ζ = v2/v1 ∈ C. The only point of CP 1 outside
the north chart is characterized by vi∞ = (0, v
2) and describes an infinitely separated
point. Thus we may think of the projective space CP 1 as CP 1 = C∪{∞}. The south
chart of CP 1 is defined to consist of those points for which the second component of
vi = (v1, v2) is non-zero, v2 6= 0. The south chart is naturally parametrized by 1/ζ .
The intersection of the north and south charts is C \ {0}.
An off-shell (charged) hypermultiplet can be described in terms of the so-called
arctic weight-n multiplet Υ(n)(v) which is defined to be holomorphic in the north
chart CP 1:
Υ(n)(v) = (v1)nΥ[n](ζ) , Υ[n](ζ) =
∞∑
k=0
Υkζ
k . (5.17)
Its smile-conjugate antarctic multiplet Υ˘(n)(v), has the explicit form
Υ˘(n)(v) = (v2
)n
Υ˘[n](ζ) = (v1 ζ
)n
Υ˘[n](ζ) , Υ˘[n](ζ) =
∞∑
k=0
Υ¯k
(−1)k
ζk
(5.18)
and is holomorphic in the south chart of CP 1. The arctic multiplet can be coupled
to a Yang-Mills multiplet in a complex representation of the group GYM. The pair
consisting of Υ[n](ζ) and Υ˘[n](ζ) constitutes the so-called polar weight-n multiplet.
Our last example is a real tropical multiplet U (2n)(v) of weight 2n defined by
U (2n)(v) =
(
i v1v2
)n
U [2n](ζ) =
(
v1
)2n(
i ζ
)n
U [2n](ζ) ,
U [2n](ζ) =
∞∑
k=−∞
Ukζ
k , U¯k = (−1)
kU−k . (5.19)
This multiplet is holomorphic in the intersection of the north and south charts of the
projective space CP 1.
5.2 Analytic projection operator
In this subsection we show how to engineer covariant projective multiplets by
making use of an analytic projection operator.
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Let us start with a simple observation. Due to (5.9), the spinor covariant deriva-
tives satisfy
∇(iαˆ∇
j
βˆ
∇kγˆ∇
l
δˆ
∇p)ρˆ = ∇
(i
[αˆ∇
j
βˆ
∇kγˆ∇
l
δˆ
∇p)ρˆ] = 0 ⇐⇒ ∇
(1)
αˆ ∇
(1)
βˆ
∇(1)γˆ ∇
(1)
δˆ
∇(1)ρˆ = 0 . (5.20)
Hence, if we define the operators
∆ijkl := −
1
96
εαˆβˆγˆδˆ∇(iαˆ∇
j
βˆ
∇kγˆ∇
l)
δˆ
= −
1
32
∇(ij∇kl) = ∆(ijkl) , (5.21a)
∇ij := ∇αˆi∇jαˆ = ∇
(ij) , ∇(2) := ∇αˆ(1)∇(1)αˆ , (5.21b)
∆(4) := vivjvkvl∆
ijkl = −
1
32
(∇(2))2 , (5.21c)
it clearly holds that
∇(1)αˆ ∆
(4) = ∆(4)∇(1)αˆ = 0 . (5.22)
One may prove that ∆ijkl satisfies the relations
∇pαˆ∆
ijkl =
4
5
εp(i∇αˆq∆
jkl)q , ∆ijkl∇pαˆ =
4
5
εp(i∆jkl)q∇αˆq . (5.23)
The operator ∆(4) is called the analytic projection operator. Given any superfield U ,
the superfield Q := ∆(4)U satisfies the analyticity condition (5.2). On the other hand,
in order for Q to be a covariant projective superfield, U has to be constrained. In [25]
it was proven in SU(2) superspace that the right prepotential for a covariant weight-n
projective superfield is an isotwistor superfield of weight (n− 4).15
By definition, a weight-n isotwistor superfield U (n) is a primary tensor superfield
(with suppressed Lorentz indices) that lives on M5|8, is holomorphic with respect to
the isospinor variables vi on an open domain of C2 \ {0}, is a homogeneous function
of vi of degree n,
U (n)(c v) = cn U (n)(v) , c ∈ C \ {0} , (5.24a)
and is characterized by the supergravity gauge transformation
δGU
(n) =
(
ξCˆ∇Cˆ +
1
2
ΛaˆbˆMaˆbˆ + Λ
ijJij + σD
)
U (n) ,
JijU
(n) = −
(
v(ivj)∂
(−2) −
n
(v, u)
v(iuj)
)
U (n) . (5.24b)
It is clear that any weight-n projective multiplet is an isotwistor superfield, but not
vice versa. The main property in the definition of isotwistor superfields is their
15The concept of isotwistor superfields was introduced in the context of 4D N = 2 supergravity
[59].
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transformation rules under SU(2). In principle, the definition could be extended to
consider non-primary superfields.
Let U (n−4) be a Lorentz-scalar isotwistor such that
DU (n−4) =
1
2
(3n− 4)U (n−4) . (5.25)
Then the weight-n isotwistor superfield
Q(n) := ∆(4)U (n−4) (5.26)
satisfies all the properties of a covariant projective multiplet. Note that Q(n) is clearly
analytic with DQ(n) = 3n
2
Q(n). It is an instructive exercise to check that Q(n) is
primary. We define the operators
S
(1)
αˆ := viS
i
αˆ , S
(−1)
αˆ :=
ui
(v, u)
Siαˆ , (5.27)
which satisfy
{S(1)αˆ ,∇
(1)
βˆ
} = 6εαˆβˆJ
(2) , {S(−1)αˆ ,∇
(1)
βˆ
} = 2εαˆβˆD− 4Mαˆβˆ + 6εαˆβˆJ
(0) , (5.28)
where
J (2) := vivjJ
ij , [J (2),∇(1)αˆ ] = 0 , J
(2)U (n) = 0 , (5.29a)
J (0) :=
viuj
(v, u)
J ij , [J (0),∇(1)αˆ ] = −
1
2
∇(1)αˆ , J
(0)U (n) = −
n
2
U (n) . (5.29b)
After some algebra, it can be proven that
[S
(1)
ρˆ ,∆
(4)] = −
1
4
εαˆβˆγˆδˆερˆαˆ∇
(1)
βˆ
∇(1)γˆ ∇
(1)
δˆ
J (2) , (5.30a)
[S
(−1)
ρˆ ,∆
(4)] =
1
24
εαˆβˆγˆδˆ∇(1)
βˆ
∇(1)γˆ ∇
(1)
δˆ
[
ερˆαˆ
(
8− 2D− 6J (0)
)
+ 4Mρˆαˆ
]
. (5.30b)
Using these results, it immediately follows that Siαˆ∆
(4)U (n) = 0.
Let us conclude this subsection by giving the expression for ∆(4) in SU(2) super-
space. This can be computed by simply using the degauging procedure developed in
section 3. The result is
∆(4)U (n−4) = −
1
32
D(2)D(2)U (n−4) +
1
32
D(2)
(
F(2)αˆβˆ{S(−1)
βˆ
,∇(1)αˆ }U
(n−4)
)
+
1
32
Dαˆ(1)
(
F
(2)
αˆ
βˆ[S
(−1)
βˆ
,∇(2)]U (n−4)
)
+
1
32
F(2)αˆβˆ{S(−1)
βˆ
,∇(1)αˆ ∇
(2)}U (n−4) , (5.31)
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with
D(1)αˆ := viD
i
αˆ , D
(2) := D(1)αˆD(1)αˆ , F
(2)
αˆβˆ
:= vivjF
i
αˆ
j
βˆ
. (5.32)
Computing the (anti-)commutators involving S
(−1)
βˆ
in (5.31) produces new terms in-
volving ∇, which have to be degauged. Finally, making use of the identities
D(4) := −
1
96
εαˆβˆγˆδˆD(1)αˆ D
(1)
βˆ
D(1)γˆ D
(1)
δˆ
, (5.33a)
D(4) = −
1
96
[
3D(2)D(2) + 24(Dαˆ(1)F(2)
αˆβˆ
)Dβˆ(1) + 4(Dαˆ(1)F(2)βˆ βˆ)D
(1)
αˆ
+ 24F
(2)
αˆβˆ
Dαˆ(1)Dβˆ(1) + 4F(2)βˆ βˆD
(2)
]
U (n−4) , (5.33b)
D(1)αˆ F
(2)
βˆγˆ
= D(1)[αˆ F
(2)
βˆγˆ]
, (5.33c)
D(1)αˆ S
(2) =
1
10
Dβˆ(1)C(2)
αˆβˆ
, S(2) := vivjS
ij , C
(2)
aˆ := vivjC
ij
aˆ , (5.33d)
we obtain
∆(4)U (n−4) =
[
D(4) −
5i
12
S(2)D(2) −
i
8
C αˆβˆ(2)D(1)αˆ D
(1)
βˆ
−
i
6
(Dαˆ(1)C(2)
αˆβˆ
)Dβˆ(1)
−
i
20
(Dαˆ(1)Dβˆ(1)C(2)
αˆβˆ
) + 3(S(2))2 +
1
4
C aˆ(2)C
(2)
aˆ
]
U (n−4) . (5.34)
This relation determines the analytic projection operator in SU(2) superspace, which
is a new result. In [25], this operator was computed only in a super Weyl gauge in
which C ijaˆ = 0.
5.3 The action principle
We turn to re-formulating the supersymmetric action principle given in [25] in
conformal superspace.
Consider a Lagrangian L(2) chosen to be a real weight-2 projective multiplet.
Associated with L(2) is the action16
S[L(2)] =
1
2pi
∮
γ
(v, dv)
∫
d5|8z E C(−4)L(2) . (5.35)
Here the superfield C(−4) is required to be a Lorentz-scalar primary isotwistor super-
field of weight −4 such that the following two conditions hold:
∆(4)C(−4) = 1 , DC(−4) = −2C(−4) . (5.36)
16In parallel with the construction in four dimensions [54], it is possible to integrate out half of the
Grassmann coordinates thus representing the action as an integral of L(2) over an analytic subspace.
(This is analogous to the chiral integral in 4D N = 1 supergravity, see [60, 61, 62] for reviews.) We
find it more convenient to employ the superfield C(−4) to always deal with full superspace integrals.
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These conditions prove to guarantee that the action (5.35) is invariant under the full
supergravity gauge group G. The invariance of S[L(2)] under the Lorentz and spe-
cial conformal transformations is obvious, since all the superfields in the action are
Lorentz-scalar primary superfields. Invariance under the general coordinate trans-
formations is also trivial, while invariance under the SU(2) transformations can be
shown in complete analogy with the proof given in [24, 25]. It remains to prove that
the action is invariant under dilatations. This simply follows from the observation
that the measure, E, has dimension −1.
All information about a dynamical system is encoded in its Lagrangian L(2). The
important point is that the action (5.35) does not depend on C(−4) if the Lagrangian
L(2) is independent of C(−4). To prove this statement, let us represent the Lagrangian
as L(2) = ∆(4)U (−2), for some isotwistor superfield U (−2) of weight −2. We note that
for any pair of Lorentz-scalar isotwistor superfields Φ(n−4) and Ψ(−n−2) such that
DΦ(n−4) =
1
2
(3n− 4)Φ(n−4) , DΨ(−n−2) =
1
2
(2− 3n)Ψ(−n−2) , (5.37)
we can use integration by parts to prove the following relation∮
γ
(v, dv)
∫
d5|8z E
{
Φ(n−4)∆(4)Ψ(−n−2) −Ψ(−n−2)∆(4)Φ(n−4)
}
= 0 . (5.38)
If we use this result and eq. (5.36), we can rewrite the action in the form
S =
1
2pi
∮
γ
(v, dv)
∫
d5|8z E U (−2) . (5.39)
This representation makes manifest the fact that the action does not depend on C(−4).
Upon degauging to SU(2) superspace, the action (5.39) coincides with the one given
in [25].
A natural choice for C(−4) is available if the theory under consideration possesses
an abelian vector multiplet such that its field strengthW is nowhere vanishing. Given
W , we can construct a composite O(2) projective multiplet as
H
(2)
VM =
i
2
W∇(2)W + i(∇αˆ(1)W )∇(1)αˆ W = vivjH
ij
VM , (5.40)
where H ijVM coincides with eq. (2.54) for a single abelian vector multiplet. By using
the Bianchi identity (2.49), which implies
∇(1)αˆ ∇
(1)
βˆ
W =
1
4
εαˆβˆ∇
(2)W , ∇(1)αˆ ∇
(1)
βˆ
∇(1)γˆ W = 0 , (5.41)
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it is a simple exercise to show that H
(2)
VM is an analytic superfield, ∇
(1)
αˆ H
(2)
VM = 0. By
using (5.28), it also simple to show that S
(1)
αˆ H
(2)
VM = S
(−1)
αˆ H
(2)
VM = 0 and then H
(2)
VM is
primary, SiαˆH
(2)
VM = 0. We can then introduce
C(−4) =
4W 4
3(H
(2)
VM)
2
, (5.42)
which consistently defines a weight −4 isotwistor superfield that, due to
∆(4)W 4 =
3
4
(H
(2)
VM)
2 , (5.43)
satisfies ∆(4)C(−4) = 1. The resulting action principle takes the form
S[L(2)] =
2
3pi
∮
(v, dv)
∫
d5|8z E
L(2)W 4
(H
(2)
VM)
2
. (5.44)
Upon degauging to SU(2) superspace, this action reduces to the one proposed in [25].
We conclude this section by mentioning that the action (5.35) is characterized by
the following important property:
S
[
G(2)(λ+ λ˘)
]
= 0 , (5.45a)
with G(2) a real O(2) multiplet and λ an arctic weight-zero multiplet. Since λ is
arbitrary, the above relation is equivalent to
S
[
G(2)λ
]
= 0 . (5.45b)
A proof of (5.45) will be given in section 7.4.
6 Prepotentials for the vector multiplet
In this section we develop a prepotential formulation for the Yang-Mills multiplet
introduced in section 2.6. Our presentation is very similar to that given in [63] in
the case of 3D N = 4 conformal supergravity. The latter was inspired by the pioneer
works of Lindstro¨m and Rocˇek [36] and Zupnik [64] devoted to the 4D N = 2 super
Yang-Mills theory.
6.1 Tropical prepotential
The Yang-Mills multiplet in conformal superspace has been described in section
2.6. The field strength W appears in the anti-commutator of two spinor covariant
derivatives as
{∇iαˆ,∇
j
βˆ
} = · · ·+ 2εαˆβˆε
ijW , (6.1)
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where the ellipsis stands for the purely supergravity part. Let us introduce the gauge
covariant operators
∇
(1)
αˆ := vi∇
i
αˆ . (6.2)
It may be seen that they strictly anti-commute with each other,
{∇(1)αˆ ,∇
(1)
βˆ
} = 0 . (6.3)
This means that ∇
(1)
αˆ may be represented in the form:
∇
(1)
αˆ = e
Ω+∇(1)αˆ e
−Ω+ , (6.4)
where Ω+ denotes a Lie-algebra-valued bridge superfield of the form
Ω+(v) = Ω+(ζ) =
∞∑
n=0
Ωnζ
n , ζ :=
v2
v1
. (6.5)
The bridge is a covariant weight-0 isotwistor superfield. Another representation for
∇
(1)
αˆ follows by applying the smile-conjugation to (6.4). The result is
∇
(1)
αˆ = e
−Ω−∇(1)αˆ e
Ω− , Ω−(v) = Ω−(ζ) =
∞∑
n=0
(−1)nΩ†n
1
ζn
. (6.6)
We now introduce a Lie algebra-valued superfield V (ζ) defined by
eV := eΩ−eΩ+ , V (v) = V (ζ) =
∞∑
n=−∞
V nζ
n , V †n = (−1)
nV −n . (6.7)
It may be seen from (6.4) and (6.6) that V is a covariant weight-0 projective multiplet,
∇(1)αˆ V = 0 . (6.8)
In accordance with (6.4), the gauge transformation law of Ω+ is
eΩ
′
+(ζ) = eiτ eΩ+(ζ)e−iλ(ζ) , (6.9)
where the new gauge parameter λ(ζ) is a covariant weight-zero arctic multiplet
∇(1)αˆ λ = 0 , λ(ζ) =
∞∑
n=0
λnζ
n . (6.10)
The gauge transformation law of the tropical prepotential is
eV
′
= ei
˘λeV e−iλ . (6.11)
Hence V transforms under the λ-group only.
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6.2 Polar hypermultiplets
Supersymmetric matter in arbitrary representations of the gauge group GYM may
be described in terms of gauge covariantly arctic multiplets and their smile-conjugate
antarctic multiplets.
A gauge covariantly arctic multiplet of weight n, Υ(n)(v), is defined by
∇
(1)
αˆ Υ
(n) = 0 , Υ(n)(v) = (v1)n
∞∑
k=0
Υkζ
k . (6.12)
It can be represented in the form
Υ(n)(v) = eΩ+(v)Υ(n)(v) , (6.13)
where Υ(n)(v) is an ordinary covariant arctic multiplet of weight n as already intro-
duced in eq. (5.17).
Computing the smile conjugate of Υ(n)(v) gives a gauge covariantly antarctic
multiplet of weight n, Υ˘(n)(v), with the properties
Υ˘(n)
←−
∇
(1)
αˆ = 0 , Υ˘
(n)(v) = (v2)n
∞∑
k=0
(−1)kΥ†k
1
ζk
. (6.14)
It can be represented in the form
Υ˘(n)(v) = Υ˘(n)(v)eΩ−(v) , (6.15)
where Υ˘(n)(v) is an ordinary antarctic multiplet as in eq. (5.18).
The arctic multiplet of weight n, Υ(n)(v), and its smile-conjugate, Υ˘(n)(v), consti-
tute the polar multiplet of weight n. The gauge transformation laws of Υ(n)(v) and
Υ˘(n)(v) are
Υ(n)′(v) = eiτΥ(n)(v) , Υ˘(n)′(v) = Υ˘(n)(v)e−iτ . (6.16)
The gauge transformation laws of Υ(n)(v) and Υ˘(n)(v) are
Υ(n)′(v) = eiλ(v)Υ(n)(v) , Υ˘(n)′(v) = Υ˘(n)(v)e−i
˘λ(v) . (6.17)
In the n = 1 case, a gauge invariant hypermultiplet Lagrangian can be constructed
and is given by
L(2) = iΥ˘(1)Υ(1) = iΥ˘(1)eV Υ(1) . (6.18)
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6.3 Arctic and antarctic representations
Here we demonstrate that the Yang-Mills gauge connection V Aˆ, eq. (2.43), may
be expressed in terms of the tropical prepotential V (ζ), modulo the τ -gauge freedom.
Let us introduce the operator
∇
(−1)
αˆ :=
1
(v, u)
ui∇
i
αˆ . (6.19)
It can be seen that
{∇(1)αˆ ,∇
(−1)
βˆ
} = · · · − 2εαˆβˆW . (6.20)
Here the ellipsis denotes purely supergravity terms. Note that the operators ∂(2), ∂(−2)
and ∂(0) are invariant under the τ -group transformations and obey
[∂(2),∇
(1)
αˆ ] = [∂
(−2),∇
(−1)
αˆ ] = 0 , (6.21a)
[∂(2),∇
(−1)
αˆ ] =∇
(1)
αˆ , [∂
(−2),∇
(1)
αˆ ] =∇
(−1)
αˆ , (6.21b)
[∂(0),∇
(1)
αˆ ] =∇
(1)
αˆ , [∂
(0),∇
(−1)
αˆ ] = −∇
(−1)
αˆ . (6.21c)
When dealing with polar hypermultiplets, it is useful to introduce an arctic rep-
resentation defined by the transformation
Oˆ → Oˆ+ := e
−Ω+Oˆ eΩ+ , U → U+ := e
−Ω+U (6.22)
applied to any gauge covariant operator Oˆ and matter superfield U .17 In the arctic
representation, any gauge covariantly arctic multiplet Υ(n)(v) becomes the ordinary
arctic one, Υ(n)(v),
Υ(n)(v)→ Υ(n)(v) , Υ˘(n)(v)→ Υ˘(n)(v)eV (ζ) , (6.23)
and the gauge covariant derivatives ∇
(1)
αˆ turn into the standard ones,
∇
(1)
αˆ → ∇
(1)
αˆ . (6.24)
The important point is that the projective derivative ∂(−2) is replaced by the operator
∂(−2) → ∂(−2)+ := ∂
(−2) + e−Ω+(∂(−2)eΩ+) , (6.25)
17It is assumed that the gauge transformation law of Oˆ is Oˆ → Oˆ′ = eiτ Oˆe−iτ , while U transforms
as in (2.46).
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which transforms as a covariant derivative under the λ-group. It is also important to
mention that ∂(2) remains short in the arctic representation, ∂
(2)
+ = ∂
(2). Making use
of the arctic-representation version of (6.20) as well as the relation
∇
(−1)
+αˆ = [∂
(−2)
+ ,∇
(1)
αˆ ] = ∇
(−1)
αˆ −∇
(1)
αˆ
(
e−Ω+∂(−2)eΩ+
)
, (6.26)
we read off
W+ =
1
8
∇(2)
(
e−Ω+∂(−2)eΩ+
)
. (6.27)
Since ∂(2)W+ = 0, W+ is independent of u
i. The field strength W+ also satisfies
the property
∂
(−2)
+ W+ = 0 , (6.28)
since in the original representation W is independent of vi. The field strength can
be seen to obey the Bianchi identity
∇
(i
+αˆ∇
j)
+βˆ
W+ =
1
4
εαˆβˆ∇
γˆ(i
+ ∇
j)
+γˆW+ . (6.29)
In the case of a U(1) gauge group,W =WT , with T the U(1) generator, we have
W = W+ and eq. (6.27) turns into
W =
1
8
∇(2)∂(−2)Ω+ . (6.30)
Since Ω+(v) = Ω+(ζ), in the north chart of CP
1 we can represent
∂(−2)Ω+(v) = −
1
(v1)2
∂ζΩ+(ζ) . (6.31)
Taking into account the fact that W is independent of ζ , it is simple to show that
W = −
1
8
∇22Ω1 =
1
8
∇11Ω−1 . (6.32)
In complete analogy with the arctic representation, eq. (6.22), we can introduce
the antarctic representation defined by
Oˆ → Oˆ− := e
Ω−Oˆ e−Ω− , U → U− := e
Ω−U . (6.33)
In this representation, the super Yang-Mills field strength takes the form
W− =
1
8
∇(2)
(
eΩ−∂(−2)e−Ω−
)
. (6.34)
Comparing the above with (6.27) gives
W− = e
V W+e
−V . (6.35)
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6.4 Abelian field strength: Contour integral representation
In the previous subsection, in the case of an abelian vector multiplet, we have
derived the result (6.32). This expresses the field strength in terms of the bridge
components. It is useful to find yet another representation given in terms of the real
weight-zero tropical prepotential
V = Ω+ + Ω− . (6.36)
It turns out that the expression
W = −
i
16pi
∮
(v, dv)∇(−2)V , ∇(−2) :=
1
(v, u)2
uiuj∇
ij , (6.37)
is equivalent to (6.32). It is instructive to prove this statement.
First of all, the expression for W in (6.37) can be shown to be independent of ui.
To see this, consider a shift
ui → ui + δui (6.38)
and represent it as
δui = (v, u)viα
(−2) + uiβ
(0) , α(−2) = −
uiδui
(v, u)2
, β(0) =
viδui
(v, u)
. (6.39)
Then one can compute
δW = −
i
16pi
∮
(v, dv)α(−2){∇αˆ(1),∇(−1)αˆ }V = 0 , (6.40)
which is identically zero since
{∇(1)αˆ ,∇
(−1)
βˆ
} = 2i∇αˆβˆ + 2iεαˆβˆW , =⇒ {∇
αˆ(1),∇(−1)αˆ } = 8iW , (6.41)
and W V ≡ 0. In the north chart of CP 1 we have
V (v) = V (ζ) =
∞∑
k=−∞
ζkVk , Vk = (−1)
kV¯−k . (6.42)
Then choosing ui = (0, 1) we can represent W as follows
W =
i
16pi
∮
dζ
ζ2
∇22V (ζ) = −
1
8
∇22V1 = −
1
8
∇22Ω1 . (6.43)
The last expression is clearly equivalent to (6.32). Note that, due to the analysis of
the previous subsection, this equivalence also guarantees thatW defined by (6.37) is a
primary superfield, SiαˆW = 0, satisfies the Bianchi identity ∇
(1)
αˆ ∇
(1)
βˆ
W = 1
4
εαˆβˆ∇
(2)W ,
and is invariant under the λ-group transformations
δV = λ+ λ˘ . (6.44)
All these properties can actually be directly proven by using the integral representa-
tion (6.37).
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6.5 Mezincescu’s prepotential
According to the analysis of section 5.2, we can solve the analyticity constraint
on the projective prepotential V (v) in terms of a primary real isotwistor superfield
V (−4)(v) of weight (−4) as
V = ∆(4)V (−4) , DV (−4) = −2V (−4) , SiαˆV
(−4) = 0 . (6.45)
The vector multiplet field strength (6.37) then takes the form
W = −
i
16pi
∮
(v, dv)∇(−2)∆(4)V (−4)(v) . (6.46)
Making use of the identity
∇(−2)∆(4) =
3
5
vivj∇kl∆
ijkl , (6.47)
which follows from (5.23), we can perform the contour integral and obtain the follow-
ing alternative expression for the field strength
W = −
3i
5
∮
(v, dv)
16pi
vkvl∇ij∆
ijklV (−4)(v) = −
3i
40
∇ij∆
ijklVkl . (6.48)
Here we have defined the superfield Vij as
Vij :=
∮
(v, dv)
2pi
vivjV
(−4)(v) . (6.49)
By construction Vij is a real primary superfield of dimension −2, DVij = −2Vij . It
is also possible to prove that, due to (5.4b) and the definition (6.49), Vij correctly
transforms as an isovector under SU(2) transformations. Note that Vij is the analogue
of Mezincescu’s prepotential [65] (see also [66] and [67]) for the 4D N = 2 abelian
vector multiplet. To conclude, we note that Vij is defined up to gauge transformations
of the form
δVkl = ∇
p
αˆΛ
αˆ
klp , Λ
αˆ
klp = Λ
αˆ
(klp) , (6.50)
with the gauge parameter being Λαˆijk a primary superfield,
SiαˆΛ
βˆ
jkl = 0 , DΛ
βˆ
jkl = −
5
2
Λβˆ jkl . (6.51)
The gauge invariance follows from the fact that ∇ij∆ijkl∇
p
αˆΛ
αˆ
klp = 0, as can be
proven using (5.23).
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6.6 Composite O(2) multiplet
Consider a locally supersymmetric theory that involves an abelian vector multiplet
as one of the dynamical multiplets. Let S[V (v)] = S[Vij] be the corresponding gauge
invariant action. A variation of the action with respect to the vector multiplet may
be represented in two different forms,
δS =
1
2pi
∮
(v, dv)
∫
d5|8z E C(−4)H(2)δV (6.52a)
=
∫
d5|8z EHijδVij , (6.52b)
for some real weight-2 tropical multiplet H(2)(v),
∇(1)αˆ H
(2) = 0 , (6.53)
and some real isovector Hij = Hji, which are primary superfields of dimension +3.
The theory under consideration may also involve hypermultiplets charged under the
U(1) gauge group. We assume that these hypermultiplets obey the corresponding
equations of motion. Then the above variation vanishes when δV or δV ij is a gauge
transformation. This property has two different, but equivalent, manifestations.
Firstly, the variation (6.52a) is equal to zero for the gauge transformation (6.44),
hence ∮
(v, dv)
∫
d5|8z E C(−4)H(2)λ = 0 , (6.54)
for an arbitrary weight-0 arctic multiplet λ(v). This implies that H(2)(v) is an O(2)
multiplet,
H
(2)(v) = Hijvivj . (6.55)
Secondly, the variation (6.52b) is equal to zero for the gauge transformation (6.50).
This means ∫
d5|8z E Λαˆijk∇
i
αˆH
jk = 0 , (6.56)
and hence
∇(iαˆH
jk) = 0 . (6.57)
The superfields H(2)(v) and Hij defined by eqs. (6.52a) and (6.52b), respectively, are
related to each other according to (6.55), as follows from (6.49).
In summary, any gauge theory of the abelian vector multiplet possesses a compos-
ite O(2) multiplet, Hij . The equation of motion for the vector multiplet is Hij = 0.
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7 The O(2) multiplet in conformal superspace
In the previous section we gave the prepotential description of the Yang-Mills
multiplet. Here we develop a prepotential formulation for the O(2) multiplet, a dual
version of the hypermultiplet. In the 4D N = 2 case, it is known that the O(2)
multiplet constraints
∇(iαG
jk) = 0 , ∇¯(iα˙G
jk) = 0 , (7.1)
may be solved in conformal superspace in terms of a complex primary scalar U of
dimension −1, DU = −U , as
Gij =
1
192
(
∇ij∇¯kl∇¯klU¯ + ∇¯
ij∇kl∇klU
)
, (7.2)
see, e.g., [67] for a detailed discussion. As will be demonstrated below, an analogous
six-derivative representation for the O(2) multiplet exists in five dimensions, but the
corresponding prepotential is a real dimensionless scalar.
7.1 Prepotential formulation for the O(2) multiplet
In five dimensions, the O(2) multiplet Gij = Gji is characterized by the properties
∇(iαˆG
jk) = 0 , SiαˆG
jk = 0 , DGjk = 3Gjk . (7.3)
We always assume Gij to be real, Gij = Gij = εikεjlG
kl. It turns out that the
constraints (7.3) may be solved in terms of a primary real dimensionless scalar Ω,
SiαˆΩ = 0 , DΩ = 0 , (7.4)
and the solution is
Gij = −
3i
40
∆ijkl∇klΩ (7.5a)
or, equivalently,
G(2) = vivjG
ij = −
i
8
∆(4)∇(−2)Ω . (7.5b)
Note that representation (7.5a) follows from (7.5b) by applying (5.23).
In Appendix E we prove that the decomposition (7.5) is the most general solution
to (7.3) in the flat case by making use of the harmonic superspace techniques [56,
51
57]. Here we demonstrate that (7.5) defines a primary O(2) superfield in conformal
superspace.
It follows from (7.5b) that G(2) is analytic, ∇(1)αˆ G
(2) = 0. It is also obvious that
G(2) has the right dimension, DG(2) = 3, since Ω is dimensionless. It is slightly more
involved to check that SiαˆG
(2) = 0, which is equivalent to proving the two conditions
S
(1)
αˆ G
(2) = 0 and S
(−1)
αˆ G
(2) = 0.
Let us first consider
S
(−1)
αˆ G
(2) = −
i
8
[S
(−1)
αˆ ,∆
(4)]∇(−2)Ω−
i
8
∆(4)[S
(−1)
αˆ ,∇
(−2)]Ω . (7.6)
It is straightforward to check that the second term on the right is identically zero:
[S
(−1)
αˆ ,∇
(−2)]Ω =
(
{S(−1)αˆ ,∇
βˆ(−1)}∇(−1)
βˆ
−∇βˆ(−1){S(−1)αˆ ,∇
(−1)
βˆ
}
)
Ω
= 6
(
J (−2)∇(−1)αˆ +∇
(−1)
αˆ J
(−2)
)
Ω = 0 , (7.7)
as a consequence of
[J (−2),∇(−1)αˆ ] = 0 , J
(−2) :=
1
(v, u)2
uiujJ
ij . (7.8)
It remains to show that [S
(−1)
αˆ ,∆
(4)]∇(−2)Ω = 0. Using (5.30b) we obtain
[S
(−1)
αˆ ,∆
(4)]∇(−2)Ω =
1
24
εβˆγˆδˆρˆεαˆβˆ∇
(1)
γˆ ∇
(1)
δˆ
∇(1)ρˆ
(
8− 2D− 6J (0)
)
∇(−2)Ω ≡ 0 . (7.9)
Since ∂(2)G(2) = 0, we also find S
(1)
αˆ G
(2) = ∂(2)S
(−1)
αˆ G
(2) = 0. Thus we have shown
that the superfield G(2) defined by (7.5) is primary.
A crucial property of the superfield G(2) defined by (7.5) is that it is invariant
under gauge transformations of Ω of the form
δΩ = −
i
2
(Γaˆ)αˆβˆ∇iαˆ∇
j
βˆ
Baˆij , (7.10)
where the gauge parameter is assumed to have the properties
Baˆ
ij = Baˆ
ji , SiαˆBaˆ
jk = 0 , DBaˆ
ij = −Baˆ
ij (7.11)
and is otherwise arbitrary. It is an instructive exercise to show that the variation
δΩ defined by (7.10) and (7.11) is a primary dimensionless superfield. Appendix F is
devoted to the proof that the transformation (7.10) leaves invariant the field strength
G(2) defined by (7.5).
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7.2 Composite vector multiplet
Consider a dynamical system involving an O(2) multiplet Gij as one of the dy-
namical multiplets. The action may be viewed as a functional of the field strength,
S[Gij], or as a gauge invariant functional, S[Ω], of the prepotential Ω. Giving the
prepotential an infinitesimal displacement changes the action as follows:
δS =
∫
d5|8z EWδΩ , (7.12)
for some real scalar W, which is a primary superfield of dimension +1. The variation
must vanish if δΩ is a gauge transformation of the form (7.10). This holds if W obeys
the equation
∇(iαˆ∇
j)
βˆ
W =
1
4
εαˆβˆ∇
γˆ(i∇j)γˆ W , (7.13)
which is the Bianchi identity for the field strength of an abelian vector multiplet, see
eq. (2.49).
In summary, any dynamical system involving an O(2) multiplet Gij possesses a
composite vector multiplet, W. The equation of motion for the O(2) multiplet is
W = 0.
7.3 BF coupling
Consider the following Lagrangian
L(2)BF = V G
(2) (7.14)
that describes a BF coupling of a vector multiplet and an O(2) multiplet. The action
principle (5.35) with L(2)BF = V G
(2) will be referred to as the BF action.
The BF action involves the tropical prepotential of the vector multiplet, V (vi),
and the field strength of the O(2) multiplet, G(2). It can be rewritten in a different
form involving the field strength of the vector multiplet, W , and the prepotential of
the O(2) multiplet, Ω. This is achieved by expressing G(2) in terms of Ω and then
integrating by parts to obtain
S[L(2)BF] =
∮
(v, dv)
16pii
∫
d5|8z E C(−4)V ∆(+4)∇(−2)Ω
=
∫
d5|8z E ΩW . (7.15)
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By using (7.5) and (6.48) together with integration by parts, the action may be
rewritten in another equivalent form that involves Mezincescu’s prepotential Vij and
the field strength Gij. One obtains
S[L(2)BF] =
∫
d5|8z E ΩW =
∫
d5|8z E GijVij . (7.16)
One may prove that the functionals
∫
d5|8z E ΩW and
∫
d5|8z E GijVij are invariant
under the gauge transformations (7.10) and (6.50), respectively.
7.4 Gauge invariance
The results of the previous subsection allow us to prove the important relation
(5.45a). For this we choose V = λ + λ˘ in the BF Lagrangian (7.14), where λ(v) is
a weight-0 arctic multiplet. Since the tropical prepotential is pure gauge, the field
strength vanishes, W = 0. Then eq. (7.16) leads to S[(λ+ λ˘)G(2)] = 0, which is the
required result (5.45a). Since λ is complex, we can replace λ(v) → iλ(v) and obtain
S[i(λ− λ˘)G(2)] = 0. These two relations lead to (5.45b), and thus∮
(v, dv)
∫
d5|8z E C(−4)G(2)λ = 0 , (7.17)
where G(2)(v) is an O(2) multiplet and λ(v) is a weight-0 arctic multiplet.
7.5 Universality of the BF action
The goal of this subsection is to demonstrate that the supersymmetric action
(5.35) can be rewritten as a BF action under the assumption that a special vector
multiplet exists.
Consider the action (5.35) written as (5.39) with U (−2) a prepotential for the
Lagrangian L(2). Now let W be the field strength of a compensating vector multiplet.
We insert the unity 1 = W/W in the right hand side of (5.39) and represent W in
the numerator according to (6.37). After that we change the order of the contour
integrals and integrate ∇(−2) by parts. Finally, we insert the unity 1 = ∆(4)C(−4) and
integrate by parts. The final result is
S =
1
2pi
∮
γ
(v, dv)
∫
d5|8z E C(−4) VG(2) , (7.18)
where V is the tropical prepotential for the vector multiplet and the composite su-
perfield G(2) is defined by
G
(2) = −
i
8
∆(4)∇(−2)Ω , (7.19a)
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Ω :=
1
2piW
∮
γ
(v, dv)U (−2) . (7.19b)
According to (7.5), the superfield G(2) is an O(2) multiplet. Note that it is possible
to give some alternative expressions for Ω in (7.19b). Consider a weight −4 isotwistor
superfield C˜(−4) such that ∆(4)C˜(−4) = 1. This does not necessarily have to be equal
to C(−4). Given C˜(−4), the superfield
U (−2) := C˜(−4)L(2) , (7.20)
is a prepotential for the projective Lagrangian L(2). Hence we have the equivalent
expression
Ω :=
1
2piW
∮
γ
(v, dv) C˜(−4)L(2) . (7.21)
Note that in the presence of the vector multiplet compensator a natural choice for
C˜(−4) is given by (5.42). Then we find
Ω :=
2W 3
3pi
∮
γ
(v, dv)
L(2)
(H
(2)
VM)
2
. (7.22)
7.6 Full superspace invariants
Consider an invariant that can be represented as an integral over the full super-
space M5|8,
S[L] =
∫
d5|8z E L , (7.23)
where L is a conformal primary superfield of dimension +1, DL = L. This invariant
may be represented in the form (5.35), in which L(2) reads
L(2) = −
2
G(2)
∆(4)
(
GL
)
. (7.24)
Here ∆(4) is the covariant analytic projection operator (5.22) and G(2) = vivjG
ij is
an O(2) multiplet such that
G2 :=
1
2
GijGij (7.25)
is nowhere vanishing, G 6= 0. The Lagrangian (7.24) is an example of a covariant
rational projective multiplet18 in the sense that it has the structure H(4)/G(2), for
some O(4) multiplet H(4)(v).
18In the 4D N = 2 super Poincare´ case, rational projective multiplets were first introduced by
Lindstro¨m and Rocˇek [35].
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7.7 Prepotentials for O(4 + n) multiplets
Let H(4)(v) be an O(4) multiplet. It may be shown that
H(4)(v) = ∆(4)Φ , SiαˆΦ = 0 , DΦ = 4Φ , (7.26)
for some primary scalar prepotential Φ, see Appendix G. The O(4) multiplet in (7.24),
∆(4)
(
GL
)
, is a special case of this result.
More generally, let H(4+n)(v) be an O(4 + n) multiplet, with n = 0, 1, . . . It may
be represented in the form
H(4+n)(v) = ∆(4)Φ(n) , Φ(n)(v) = Φi1...invi1 . . . vin , (7.27)
for some primary superfield Φi1...in of dimension
(
4 + 3
2
n
)
, see Appendix G.
8 Superform formulation for the BF action
In section 7 we demonstrated the universality of the BF action
SBF =
1
2pi
∮
γ
(v, dv)
∫
d5|8z E C(−4)L(2)BF , L
(2)
BF = V G
(2) . (8.1)
The component structure of SBF is of primary importance for applications. For the
analogous action in 4D N = 2 supergravity, two procedures have been developed to
reduce the action to components. One of them [53] directly carries out the integration
over the Grassmann variables in the action. The other approach [68] provides a
superform construction for the action19 which immediately leads to the component
action. The latter has turned out to be fruitful for various generalizations, such as
the N -extended conformal supergravity actions [73, 46, 47] and the Chern-Simons
actions [74] in three dimensions and the non-abelian Chern-Simons action in 5D
N = 1 Minkowski superspace [75]. Here we apply the ideas put forward in [68] to
derive a superform formulation for the action SBF.
8.1 Superform geometry of the O(2) multiplet
The O(2) multiplet can be described by a three-form gauge potential B = 1
3!
ECˆ ∧
EBˆ ∧ EAˆBAˆBˆCˆ possessing the gauge transformation
δB = dρ , (8.2)
19This approach makes use of the superform formalism to construct supersymmetric invariants
[69, 70, 71, 72].
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where ρ is a 2-form gauge parameter. The corresponding field strength is
Φ = dB =
1
4!
EDˆ ∧ ECˆ ∧ EBˆ ∧ EAˆΦAˆBˆCˆDˆ , (8.3)
where
ΦAˆBˆCˆDˆ = 4∇[AˆBBˆCˆDˆ} + 6T[AˆBˆ
EˆB|Eˆ|CˆDˆ} . (8.4)
The field strength must satisfy the Bianchi identity
∇[AˆΦBˆCˆDˆEˆ} + 2T[AˆBˆ
FˆΦ|Fˆ |CˆDˆEˆ} = 0 . (8.5)
In order to describe the O(2) multiplet we need to impose some covariant con-
straints on the field strength Φ. We choose the constraints
Φiαˆ
j
βˆ
k
γˆ
l
δˆ
= Φaˆ
j
βˆ
k
γˆ
l
δˆ
= 0 , Φaˆbˆ
i
αˆ
j
βˆ
= 8i(Σaˆbˆ)αˆβˆG
ij , (8.6a)
where Gij = Gji is a dimension-3 primary superfield. The constraints allow one to
solve for the remaining components of Φ in terms of Gij. The solution is
Φaˆbˆcˆ
i
αˆ = −
2
3
εaˆbˆcˆdˆeˆ(Σ
dˆeˆ)αˆ
βˆ∇βˆjG
ji = −2εaˆbˆcˆdˆeˆ(Σ
dˆeˆ)αˆ
βˆϕi
βˆ
, (8.6b)
Φaˆbˆcˆdˆ =
i
12
εaˆbˆcˆdˆeˆ(Γ
eˆ)αˆβˆ∇iαˆ∇
j
βˆ
Gij ≡ εaˆbˆcˆdˆeˆΦ
eˆ , (8.6c)
where Gij satisfies the constraint for the O(2) multiplet
∇(iαˆG
jk) = 0 (8.7)
and we have introduced the superfields
ϕiαˆ :=
1
3
∇αˆjG
ij , (8.8a)
F :=
i
12
∇γˆi∇jγˆGij = −
i
4
∇γˆkϕγˆk . (8.8b)
The Bianchi identities also imply the differential condition on Φaˆ
∇aˆΦaˆ + 5iX
γˆkϕγˆk = ∇ˆ
aˆΦaˆ = 0 . (8.9)
8.2 Superform action for the O(2) multiplet
The superform formulation in the previous subsection gives a geometric description
for the O(2) multiplet. As we will see, it is a useful ingredient in the construction of
the BF action principle. Below we describe the general setup, the construction of the
superform action and its corresponding component action.
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8.2.1 General setup
The superform approach to constructing supersymmetric invariants [69, 70, 71, 72]
is based on the use of a closed superform. In five-dimensional spacetime M5, which
is the body of the N = 1 curved superspace M5|8, the formalism requires the use of
a closed five-form
J =
1
5!
EEˆ ∧ EDˆ ∧ ECˆ ∧ EBˆ ∧ EAˆ JAˆBˆCˆDˆEˆ , dJ = 0 . (8.10)
Given such a superform, one can construct the supersymmetric invariant
S =
∫
M5
i∗J , (8.11)
where i : M5 → M5|8 is the inclusion map. Invariance under arbitrary general
coordinate transformations of the superspace follows from the transformation of J,
δξJ = LξJ ≡ iξdJ+ diξJ = diξJ . (8.12)
The closed form J is required to transform as an exact form under all gauge
symmetries,
dJ = dΘ , (8.13)
which ensures eq. (8.11) is a suitable candidate for an action. In conformal super-
gravity, suitable actions must be invariant under the standard superconformal trans-
formations. This requires that J transforms by an exact form under the standard
superconformal transformations,
δHJ = dΘ(Λ
a) , Λ = ΛaXa . (8.14)
Locally superconformal matter actions are usually associated with closed five-
forms that are invariant,
δHJ = 0 . (8.15)
This is equivalent to the condition
XaJAˆ1···Aˆp = −fa[Aˆ1
DˆJ|Dˆ|Aˆ2···Aˆp} . (8.16)
The S-invariance, SαˆiJ = 0, is non-trivial and we will call a superform that is S-
invariant a primary superform.20 In general, a primary p-form Σ satisfies
SαˆiΣAˆ1···Aˆp = ip(Γaˆ)αˆ
βˆΣβˆi[Aˆ2···Aˆpδ
aˆ
Aˆ1}
, (8.17)
which implies the condition
SβˆjΣaˆ1···aˆn
i1
αˆ1
· · ·
ip−n
αˆp−n
= in(Γ[aˆ1)βˆ
γˆΣγˆjaˆ2···aˆn]
i1
αˆ1
· · ·
ip−n
αˆp−n
. (8.18)
20S-invariance automatically implies K-invariance.
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8.2.2 Superform action for the O(2) multiplet
In order to construct a closed form for the action we will first consider the super-
form equation
dΣ = F ∧ Φ , (8.19)
where Σ is some five-form and F is the field strength for an abelian vector multiplet
with gauge one-form V and field strength W (see section 2.6).
It turns out there exist two solutions to eq. (8.19) that do not differ by an exact
form. The first solution is
ΣV = V ∧ Φ . (8.20)
The second solution is the result of the constraints that have been imposed on the
components of F and Φ. If we assume that this solution is primary then we may
write the Bianchi identity in terms of the covariant derivatives as follows:
∇[AˆΣBˆCˆDˆEˆFˆ} +
5
2
T[AˆBˆ
GˆΣ|Gˆ|CˆDˆEˆFˆ} =
5
2
F[AˆBˆΦCˆDˆEˆFˆ} . (8.21)
Making use of the components of F and Φ, one finds the solution:
Σaˆbˆcˆ
i
αˆ
j
βˆ
= −4iεaˆbˆcˆdˆeˆ(Σ
dˆeˆ)αˆβˆWG
ij , (8.22a)
Σaˆbˆcˆdˆ
i
αˆ = 2εaˆbˆcˆdˆeˆ(Γ
eˆ)αˆ
βˆ(Wϕi
βˆ
+ iλβˆjG
ji) , (8.22b)
Σaˆbˆcˆdˆeˆ = −εaˆbˆcˆdˆeˆ(WF +X
ijGij + 2λ
γˆkϕγˆk) (8.22c)
with the remaining components vanishing. Here we have made use of the following
useful identities:
∇iαˆG
jk = 2εi(jϕ
k)
αˆ , (8.23a)
∇iαˆϕ
j
βˆ
= −
i
2
εijεαˆβˆF +
i
2
εijΦαˆβˆ + i∇αˆβˆG
ij , (8.23b)
∇iαˆF = −2∇αˆ
βˆϕi
βˆ
− 6Wαˆβˆϕ
βˆi − 9XαˆjG
ij , (8.23c)
∇iαˆΦaˆ = 4(Σaˆbˆ)αˆ
βˆ∇bˆϕi
βˆ
− 4(Γaˆ)αˆ
βˆWβˆγˆϕ
γˆi − 6(Γaˆ)αˆ
βˆXβˆjG
ij . (8.23d)
The second solution is expressed entirely in terms of Gij and its covariant derivatives
and we will denote it by ΣG. Making use of the following identities
Siαˆϕ
j
βˆ
= −6εαˆβˆG
ij , (8.24a)
SiαˆF = 6iϕ
i
αˆ , (8.24b)
SiαˆΦbˆ = −8i(Γbˆ)αˆ
βˆϕi
βˆ
, (8.24c)
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one can check that ΣG is primary, i.e. it satisfies eq. (8.18). Similarly one can show
Φ is primary and hence ΣV is primary also.
It is now straightforward to construct a closed invariant five-form. One may simply
take the difference between ΣV and ΣG,
J = ΣV − ΣG = V ∧ Φ− ΣG . (8.25)
8.2.3 Component BF action
Having derived J we can now make use of the action principle (8.10) to construct
the corresponding component action. The Lagrangian is given by21
e−1 ∗J =
1
5!
εmˆnˆpˆqˆrˆJmˆnˆpˆqˆrˆ =
1
4!
εmˆnˆpˆqˆrˆVmˆΦnˆpˆqˆrˆ −
1
5!
εmˆnˆpˆqˆrˆΣmˆnˆpˆqˆrˆ , (8.26)
where
1
5!
εmˆnˆpˆqˆrˆΣmˆnˆpˆqˆrˆ| =
1
5!
εmˆnˆpˆqˆrˆErˆ
EˆEqˆ
DˆEpˆ
CˆEnˆ
BˆEmˆ
AˆΣAˆBˆCˆDˆEˆ |
=
1
5!
εaˆbˆcˆdˆeˆ
(
Σaˆbˆcˆdˆeˆ|+
5
2
ψaˆ
αˆ
i Σbˆcˆdˆeˆ
i
αˆ| −
5
2
ψaˆ
αˆ
i ψbˆ
βˆ
jΣcˆdˆeˆ
i
αˆ
j
βˆ
|
−
5
4
ψaˆ
αˆ
i ψbˆ
βˆ
jψcˆ
γˆ
kΣdˆeˆ
i
αˆ
j
βˆ
k
γˆ|+
5
16
ψaˆ
αˆ
i ψbˆ
βˆ
jψcˆ
γˆ
kψdˆ
δˆ
lΣeˆ
i
αˆ
j
βˆ
k
γˆ
l
δˆ
|
+
1
32
ψaˆ
αˆ
i ψbˆ
βˆ
jψcˆ
γˆ
kψdˆ
δˆ
lψeˆ
ρˆ
pΣ
i
αˆ
j
βˆ
k
γˆ
l
δˆ
p
ρˆ|
)
. (8.27)
The action is then
S =
∫
d5x e
( 1
4!
εmˆnˆpˆqˆrˆvmˆφnˆpˆqˆrˆ −WF −X
ijGij − 2λ
kϕk
+ ψmˆiΓ
mˆϕiW + iψmˆiΓ
mˆλjG
ij − iψmˆiΣ
mˆnˆψnˆjWG
ij
)
= −
∫
d5x e
(
vaˆφaˆ +WF +X
ijGij + 2λ
kϕk
− ψaˆiΓ
aˆϕiW − iψaˆiΓ
aˆλjG
ij + iψaˆiΣ
aˆbˆψbˆjWG
ij
)
, (8.28)
where all superfields appearing in the action are understood as their corresponding
spacetime projections and we have defined
vaˆ := eaˆ
mˆvmˆ = eaˆ
mˆVmˆ| , φ
aˆ := −
1
4!
erˆ
aˆεmˆnˆpˆqˆrˆφmˆnˆpˆqˆ , (8.29a)
φmˆnˆpˆqˆ := Φmˆnˆpˆqˆ| = 4∂[mˆbmˆnˆpˆ] , bmˆnˆpˆ = Bmˆnˆpˆ| . (8.29b)
21The Levi-Civita tensor with world indices is defined as εmˆnˆpˆqˆrˆ := εaˆbˆcˆdˆeˆeaˆ
mˆe
bˆ
nˆecˆ
pˆe
dˆ
qˆeeˆ
rˆ.
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The Chern-Simons coupling between the one-form V and the four-form Φ can equiv-
alently be written
S =
∫
d5x e
( 1
12
εaˆbˆcˆdˆeˆfaˆbˆbcˆdˆeˆ −WF −X
ijGij − 2λ
kϕk
+ ψaˆiΓ
aˆϕiW + iψaˆiΓ
aˆλjG
ij − iψaˆiΣ
aˆbˆψbˆjWG
ij
)
, (8.30)
where
faˆbˆ := eaˆ
mˆebˆ
nˆfmˆnˆ , fmˆnˆ := Fmˆnˆ| = 2∂[mˆvnˆ] , baˆbˆcˆ := eaˆ
mˆebˆ
nˆecˆ
pˆbmˆnˆpˆ . (8.31)
It should be mentioned that the normalization of the action (8.28) has been chosen
to correspond to the projective superspace action principle (5.35) with L(2) = V G(2).
Furthermore, the action (8.28) corresponds to the BF action without central charge.
We will give a generalization in the presence of a gauged central charge in section 11.
9 Abelian Chern-Simons theory
In conformal superspace, the dynamics of an abelian vector multiplet coupled to
conformal supergravity is described by the Chern-Simons action22
SCS =
1
2pi
∮
γ
(v, dv)
∫
d5|8z E C(−4)L(2)CS , L
(2)
CS = −
1
12
V H
(2)
VM , (9.1)
where H
(2)
VM denotes the composite O(2) multiplet defined by (5.40). Varying the
tropical prepotential gives
δSCS = −
1
8pi
∮
(v, dv)
∫
d5|8z E C(−4)δV H
(2)
VM , (9.2)
see section 12 for the derivation.
A component counterpart of the action (9.1) may be constructed using H
(2)
VM and
the BF action (8.1). This amounts to plugging
Gij = H ijVM = 2WX
ij − iλαˆ(iλj)αˆ (9.3)
into the component BF action (8.28) and computing the component fields of the
composite O(2) multiplet. This produces the component V ∧ F ∧ F coupling by
22In the 5D N = 1 super-Poincare´ case, the off-shell abelian Chern-Simons action was constructed
for the first time by Zupnik in harmonic superspace [49]. The action (9.1) is a curved-superspace
extension of the one given in [2].
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treating the closed gauge-invariant four-form F ∧F as the field strength derived from
the O(2) multiplet (9.3). A major disadvantage of this approach is that the non-
abelian Chern-Simons theory cannot be constructed in the same way. In this section
we will discuss an alternative superform construction that can be generalized and
show how to derive it explicitly from the BF action principle.
Recall that the BF action involved constructing a closed five-form J given by
JH = V ∧ Φ− ΣH , (9.4)
where Φ is the four-form field strength associated with the composite Gij and ΣH ,
constructed in section 8.1, is a covariant four-form which solves the equation
dΣH = F ∧ Φ . (9.5)
If one now substitutes the relations
ϕiαˆ = iX
ijλαˆj − 2iFαˆβˆλ
βˆi +X iαˆW
2 − 2iW∇αˆβˆλ
βˆi − i∇αˆβˆWλ
βˆi , (9.6a)
F = X ijXij − F
aˆbˆFaˆbˆ + 4W∇
aˆ∇aˆW + 2(∇
aˆW )∇aˆW + 2i(∇αˆ
βˆλk
βˆ
)λαˆk
− 6W aˆbˆFaˆbˆW − 5W
aˆbˆWaˆbˆW
2 + YW 2 + 6X αˆiλαˆiW , (9.6b)
Φaˆ = −
1
2
εaˆbˆcˆdˆeˆF
bˆcˆF dˆeˆ + 4∇bˆ(WFbˆaˆ +
3
2
WbˆaˆW
2) + εaˆbˆcˆdˆeˆW
bˆcˆ(F dˆeˆ +
3
2
W dˆeˆW )W
− 6(Γaˆ)
αˆβˆXkαˆλβˆkW + 2i(Σbˆaˆ)
αˆβˆ∇bˆ(λkαˆλβˆk) +
i
2
εaˆbˆcˆdˆeˆW
bˆcˆ(Σdˆeˆ)αˆβˆλkαˆλβˆk , (9.6c)
into the eqs. (8.6) defining the superform Φ and (8.22) for ΣH , one arrives at the
abelian CS action. However, as is evident from considering the expression for Φaˆ
above, the expression involves several derivatives which must be integrated by parts
to arrive at the conventional form of the action.
We seek instead a different closed superform J, which will be given by
J = ΣCS − ΣR , (9.7)
where both ΣCS and ΣR are solutions to the equation
dΣ = F ∧ F ∧ F . (9.8)
The first is the Chern-Simons form,
ΣCS = V ∧ F ∧ F , (9.9)
while the second, ΣR, we will refer to as the curvature induced form. Here the curva-
ture induced form is required to be a gauge-invariant primary superform constructed
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directly out of W and its covariant derivatives. The Chern-Simons and curvature in-
duced forms represent ingredients in a general procedure to construct Chern-Simons
actions in three and five dimensions, see [73, 46, 47, 74]. Gauge invariance of the
corresponding action (8.11) is guaranteed by the fact that ΣR is gauge invariant by
construction, while ΣCS transforms via an exact form. The advantage of this con-
struction over the use of the BF action is that it can be straightforwardly generalized
to the non-abelian case.
Now it turns out that JH and 2J describe the same component action, with 2J
differing from J by a total derivative (i.e. by an exact form) alluded to above. In
other words,
dV = 2J− JH = V ∧
(
2F ∧ F − Φ
)
− 2ΣR + ΣH , (9.10)
for some four-form V. It is evident we can choose
V = V ∧ C , (9.11)
for some three-form C satisfying
dC = 2F ∧ F − Φ . (9.12)
Provided there exists a gauge-invariant primary three-form C that solves this equa-
tion, then the curvature induced form is given immediately as
ΣR =
1
2
(
ΣH + F ∧ C
)
. (9.13)
The construction of such a three-form C is straightforward. From dimensional
considerations, it is evident that C iαˆ
j
βˆ
k
γˆ must vanish, while Caˆ
j
βˆ
k
γˆ must be proportional
to W 2. The full solution is straightforward to derive:
Caˆ
j
βˆ
k
γˆ = −4i(Γaˆ)βˆγˆε
jkW 2 , (9.14a)
Caˆbˆ
k
γˆ = 8i(Σaˆbˆ)γˆ
δˆλk
δˆ
W , (9.14b)
Caˆbˆcˆ = εaˆbˆcˆdˆeˆ
(
2F dˆeˆW + iλkΣ
dˆeˆλk + 3W dˆeˆW 2
)
. (9.14c)
The construction of ΣR is now immediate. As required, it is given purely in terms of
W and its covariant derivatives, with the nonzero components given below:23
Σaˆ
i
αˆ
j
βˆ
k
γˆ
l
δˆ
= 4
(
εijεkl
(
(Γaˆ)αˆβˆεγˆδˆ + (Γaˆ)γˆδˆεαˆβˆ
)
+ εikεjl
(
(Γaˆ)αˆγˆεβˆδˆ + (Γaˆ)βˆδˆεαˆγˆ
)
23We drop the subscript R when referring to the components of ΣR to avoid awkward notation.
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+ εilεjk
(
(Γaˆ)αˆδˆεβˆγˆ + (Γaˆ)βˆγˆεαˆδˆ
))
W 3 , (9.15a)
Σaˆbˆ
i
αˆ
j
βˆ
k
γˆ = −12
(
εjkεβˆγˆ(Σaˆbˆ)αˆ
δˆλi
δˆ
W 2 + εijεαˆβˆ(Σaˆbˆ)γˆ
δˆλk
δˆ
W 2 + εikεγˆαˆ(Σaˆbˆ)βˆ
δˆλj
δˆ
W 2
)
+8
(
εjk(Σaˆbˆ)αˆβˆλ
i
γˆW
2 + εki(Σaˆbˆ)βˆγˆλ
j
αˆW
2 + εij(Σaˆbˆ)γˆαˆλ
k
βˆ
W 2
)
, (9.15b)
Σaˆbˆcˆ
i
αˆ
j
βˆ
=
i
2
εijεαˆβˆεaˆbˆcˆdˆeˆ(Σ
dˆeˆ)γˆδˆ(4W 2Fγˆδˆ + 5iWλ
k
γˆλδˆk + 6WγˆδˆW
3)
−iεaˆbˆcˆdˆeˆ(Σ
dˆeˆ)αˆβˆ(4W
2X ij − 5iWλγˆ(iλj)γˆ )
+6(Σ[aˆbˆ)αˆβˆ(Γcˆ])
γˆδˆλ
(i
γˆ λ
j)
δˆ
W + 3εij(Γ[aˆ)αˆβˆ(Σbˆcˆ])
γˆδˆλkγˆλδˆkW
−6iεij(Γ[aˆ)αˆβˆFbˆcˆ]W
2 , (9.15c)
Σaˆbˆcˆdˆ
i
αˆ = −
1
2
εaˆbˆcˆdˆeˆ(Γ
eˆ)αˆ
βˆ
(
12iWFβˆγˆλ
γˆi − 6iWX ijλβˆj − 4λ
γˆ(iλ
j)
γˆ λβˆj
− 2X i
βˆ
W 3 + 6iWβˆγˆW
2λγˆi
)
+εaˆbˆcˆdˆeˆ(Γ
eˆ)βˆγˆtr
(
λ
(i
βˆ
λ
j)
γˆ λαˆj + 3iWαˆβˆW
2λiγˆ
)
−iεaˆbˆcˆdˆeˆWλ
i
αˆ∇
eˆW − 2iεaˆbˆcˆdˆeˆW
2∇eˆλiαˆ
−2iεaˆbˆcˆdˆeˆ(Σ
eˆfˆ )αˆ
βˆWλi
βˆ
∇fˆW − 4iεaˆbˆcˆdˆeˆ(Σ
eˆfˆ)αˆ
βˆW 2∇fˆλ
i
βˆ
, (9.15d)
Σaˆbˆcˆdˆeˆ = −
3
2
εaˆbˆcˆdˆeˆ
(
WXklXkl − 2WF
γˆδˆFγˆδˆ − iX
klλδˆkλδˆl − 2iF
γˆδˆλkγˆλδˆk
+
2
3
W (∇fˆW )∇fˆW +
4
3
W 2∇fˆ∇fˆW + 2iW (∇γˆδˆλ
γˆk)λδˆk
+
1
3
YW 3 −
4
3
X γˆkλγˆkW
2 − 6W γˆδˆFγˆδˆW
2 −
10
3
W γˆδˆWγˆδˆW
3
)
. (9.15e)
The abelian Chern-Simons action is then given by
SCS = −
1
6
∫
M5
i∗J , (9.16)
where we have adjusted the normalization to match (9.1). As we will show in the
next section, it is straightforward to generalize the result for J to a non-abelian vector
multiplet. We will give the explicit component action in the next section for the non-
abelian case.
10 Non-abelian Chern-Simons theory
In the non-abelian case, a closed-form expression for the Chern-Simons action as
a superspace integral is not yet known. However, the corresponding action may be
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defined by postulating its variation24
δSCS = −
1
8pi
∮
γ
(v, dv)
∫
d5|8z E C(−4)tr
(
∆V · e−Ω+H(2)YMe
Ω+
)
, (10.1a)
where we have defined
∆V := e−V δeV , H
(2)
YM = viviH
ij
YM , (10.1b)
with the composite superfield H ijYM given by (2.54). Here ∆V is the covariantized
variation of the tropical prepotential. In the abelian case, the variation (10.1) reduces
to (9.2). In this paper, we will not elaborate on the above definition, and instead
present a superform realization of the action.
In the previous section we derived the closed five-form describing the abelian
Chern-Simons theory and introduced two key ingredients: the Chern-Simons and
curvature induced forms. In this section we will show how to generalize our approach
to the non-abelian Chern-Simons theory based on a Yang-Mills multiplet and derive
the corresponding component action. Our approach is analogous to the one adopted
in [75] in Minkowski superspace. We remind the reader that the Yang-Mills multiplet
is described in section 2.6.
The appropriate closed five-form J to describe the non-abelian Chern-Simons ac-
tion may be found by generalizing the Chern-Simons form and the curvature induced
form. These five-forms now correspond to two solutions of the superform equation
dΣ = 〈F 3〉 := tr
(
F ∧ F ∧ F
)
, (10.2)
which is a straightforward generalization of (9.8). The Chern-Simons form ΣCS is
again directly constructed out of V , while the curvature induced form is constructed
out ofW and its covariant derivatives. If they transform by an exact form under the
gauge group then their difference
J = ΣCS − ΣR (10.3)
will yield an appropriate closed five-form that describes the action. The Chern-Simons
and curvature induced five-forms are discussed in more detail below.
10.1 The Chern-Simons five-form
The Chern-Simons form is
ΣCS = tr
(
V ∧ F ∧ F −
i
2
V ∧ V ∧ V ∧ F −
1
10
V ∧ V ∧ V ∧ V ∧ V
)
. (10.4)
24This definition is inspired by the earlier works [49, 76, 63].
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One can verify that it satisfies the superform equation (10.2) by using
∇ = d− iV , F = dV +iV ∧V , ∇F = 0 =⇒ dF = iV ∧F − iF ∧V . (10.5)
Since ΣCS has been constructed by extracting a total derivative from the gauge
invariant superform 〈F 3〉 it must transform by a closed form under the gauge group.
In fact, one can show it transforms by an exact form,
ΣCS → ΣCS + d tr
(
dτ ∧
(
V ∧ F −
i
2
V ∧ V ∧ V
))
. (10.6)
Note that since the gauge field V is primary, ΣCS is also a primary superform.
10.2 The curvature-induced five-form
To construct the curvature-induced five-form we look for a gauge-invariant solution
to
dΣ = tr
(
F ∧ F ∧ F
)
. (10.7)
The condition that Σ is invariant allows one to express eq. (10.7) as
2∇[AˆΣBˆCˆDˆEˆFˆ} + 5T[AˆBˆ
GˆΣ|Gˆ|CˆDˆEˆFˆ} = 30tr(F [AˆBˆF CˆDˆF EˆFˆ}) . (10.8)
Here we have used the fact that Σ is a gauge singlet25
∇AˆΣBˆCˆDˆEˆFˆ = ∇AˆΣBˆCˆDˆEˆFˆ . (10.9)
The curvature induced form is defined to be a primary solution of eq. (10.7)
that can be expressed covariantly in terms of the vector multiplet field strength W .
Invariance of the curvature induced form is then guaranteed. On dimensional grounds,
it is natural to impose the constraint
Σiαˆ
j
βˆ
k
γˆ
l
δˆ
p
ρˆ = 0 . (10.10)
Then analyzing the superform equation (10.7) by increasing dimension, enforcing
the primary condition (8.18) and using the identities (2.52) yields all the remaining
components of the curvature induced five-form:
Σaˆ
i
αˆ
j
βˆ
k
γˆ
l
δˆ
= 4
(
εijεkl
(
(Γaˆ)αˆβˆεγˆδˆ + (Γaˆ)γˆδˆεαˆβˆ
)
+ εikεjl
(
(Γaˆ)αˆγˆεβˆδˆ + (Γaˆ)βˆδˆεαˆγˆ
)
25Keeping this in mind, we will use gauge covariant derivatives everywhere in this section.
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+ εilεjk
(
(Γaˆ)αˆδˆεβˆγˆ + (Γaˆ)βˆγˆεαˆδˆ
))
tr(W 3) , (10.11a)
Σaˆbˆ
i
αˆ
j
βˆ
k
γˆ =− 12tr
(
εjkεβˆγˆ(Σaˆbˆ)αˆ
δˆλi
δˆ
W 2 + εijεαˆβˆ(Σaˆbˆ)γˆ
δˆλk
δˆ
W 2 + εikεγˆαˆ(Σaˆbˆ)βˆ
δˆλ
j
δˆ
W 2
)
+ 8tr
(
εjk(Σaˆbˆ)αˆβˆλ
i
γˆW
2 + εki(Σaˆbˆ)βˆγˆλ
j
αˆW
2 + εij(Σaˆbˆ)γˆαˆλ
k
βˆ
W 2
)
,
(10.11b)
Σaˆbˆcˆ
i
αˆ
j
βˆ
=
i
2
εijεαˆβˆεaˆbˆcˆdˆeˆ(Σ
dˆeˆ)γˆδˆtr(4W 2F γˆδˆ + 5iWλ
k
γˆλδˆk + 6WγˆδˆW
3)
− iεaˆbˆcˆdˆeˆ(Σ
dˆeˆ)αˆβˆtr(4W
2X ij − 5iWλγˆ(iλj)γˆ )
+ 6(Σ[aˆbˆ)αˆβˆ(Γcˆ])
γˆδˆtr(λ
(i
γˆλ
j)
δˆ
W ) + 3εij(Γ[aˆ)αˆβˆ(Σbˆcˆ])
γˆδˆtr(λkγˆλδˆkW )
− 6iεij(Γ[aˆ)αˆβˆtr(F bˆcˆ]W
2) , (10.11c)
Σaˆbˆcˆdˆ
i
αˆ = −
1
2
εaˆbˆcˆdˆeˆ(Γ
eˆ)αˆ
βˆtr
(
6iW {F βˆγˆ,λ
γˆi} − 3iW {X ij,λβˆj}
− 4λγˆ(iλj)γˆ λβˆj − 2X
i
βˆ
W 3 + 6iWβˆγˆW
2λγˆi
)
+ εaˆbˆcˆdˆeˆ(Γ
eˆ)βˆγˆtr
(
λ
(i
βˆ
λ
j)
γˆ λαˆj + 3iWαˆβˆW
2λiγˆ
)
−
i
2
εaˆbˆcˆdˆeˆtr({W ,∇
eˆW }λiαˆ)− 2iεaˆbˆcˆdˆeˆtr(W
2
∇
eˆλiαˆ)
− iεaˆbˆcˆdˆeˆ(Σ
eˆfˆ)αˆ
βˆtr({W ,∇fˆW }λ
i
βˆ
)− 4iεaˆbˆcˆdˆeˆ(Σ
eˆfˆ )αˆ
βˆtr(W 2∇fˆλ
i
βˆ
) ,
(10.11d)
Σaˆbˆcˆdˆeˆ =−
3
2
εaˆbˆcˆdˆeˆtr
(
WXklXkl − 2WF
γˆδˆF γˆδˆ − iX
klλδˆkλδˆl − 2iF
γˆδˆλkγˆλδˆk
+
2
3
W (∇fˆW )∇fˆW +
4
3
W 2∇fˆ∇fˆW + iW [∇γˆδˆλ
γˆk,λδˆk]− 2W
2λγˆkλγˆk
+
1
3
YW 3 −
4
3
X γˆkλγˆkW
2 − 6W γˆδˆF γˆδˆW
2 −
10
3
W γˆδˆWγˆδˆW
3
)
. (10.11e)
It is worth elucidating the relation of the above curvature induced form to the one
constructed in [74] in the rigid supersymmetric case. Switching off the Weyl multiplet
(Wαˆβˆ = 0) and replacing the covariant derivatives with their corresponding flat ones,
∇Aˆ → DAˆ = DAˆ − iV Aˆ , (10.12)
gives
Σaˆ
i
αˆ
j
βˆ
k
γˆ
l
δˆ
= 4
(
εijεkl
(
(Γaˆ)αˆβˆεγˆδˆ + (Γaˆ)γˆδˆεαˆβˆ
)
+ εikεjl
(
(Γaˆ)αˆγˆεβˆδˆ + (Γaˆ)βˆδˆεαˆγˆ
)
+εilεjk
(
(Γaˆ)αˆδˆεβˆγˆ + (Γaˆ)βˆγˆεαˆδˆ
))
tr(W 3) , (10.13a)
Σaˆbˆ
i
αˆ
j
βˆ
k
γˆ = −12tr
(
εjkεβˆγˆ(Σaˆbˆ)αˆ
δˆλi
δˆ
W 2 + εijεαˆβˆ(Σaˆbˆ)γˆ
δˆλk
δˆ
W 2 + εikεγˆαˆ(Σaˆbˆ)βˆ
δˆλ
j
δˆ
W 2
)
+8tr
(
εjk(Σaˆbˆ)αˆβˆλ
i
γˆW
2 + εki(Σaˆbˆ)βˆγˆλ
j
αˆW
2 + εij(Σaˆbˆ)γˆαˆλ
k
βˆ
W 2
)
, (10.13b)
67
Σaˆbˆcˆ
i
αˆ
j
βˆ
=
i
2
εijεαˆβˆεaˆbˆcˆdˆeˆ(Σ
dˆeˆ)γˆδˆtr(4W 2F γˆδˆ + 5iWλ
k
γˆλδˆk)
−iεaˆbˆcˆdˆeˆ(Σ
dˆeˆ)αˆβˆtr(4W
2X ij − 5iWλγˆ(iλj)γˆ )
+6(Σ[aˆbˆ)αˆβˆ(Γcˆ])
γˆδˆtr(λ
(i
γˆλ
j)
δˆ
W ) + 3εij(Γ[aˆ)αˆβˆ(Σbˆcˆ])
γˆδˆtr(λkγˆλδˆkW )
−6iεij(Γ[aˆ)αˆβˆtr(F bˆcˆ]W
2) , (10.13c)
Σaˆbˆcˆdˆ
i
αˆ = −
1
2
εaˆbˆcˆdˆeˆ(Γ
eˆ)αˆ
βˆtr
(
6iW{F βˆγˆ ,λ
γˆi} − 3iW {X ij,λβˆj} − 4λ
γˆ(iλ
j)
γˆ λβˆj
)
+εaˆbˆcˆdˆeˆ(Γ
eˆ)βˆγˆtr
(
λ
(i
βˆ
λ
j)
γˆ λαˆj
)
−
i
2
εaˆbˆcˆdˆeˆtr({W ,D
eˆW }λiαˆ)− 2iεaˆbˆcˆdˆeˆtr(W
2
D
eˆλiαˆ)
−iεaˆbˆcˆdˆeˆ(Σ
eˆfˆ)αˆ
βˆtr({W ,DfˆW }λ
i
βˆ
)− 4iεaˆbˆcˆdˆeˆ(Σ
eˆfˆ)αˆ
βˆtr(W 2Dfˆλ
i
βˆ
) , (10.13d)
Σaˆbˆcˆdˆeˆ = −
3
2
εaˆbˆcˆdˆeˆtr
(
WXklXkl − 2WF
γˆδˆF γˆδˆ − iX
klλδˆkλδˆl − 2iF
γˆδˆλkγˆλδˆk
+
2
3
W (DfˆW )DfˆW +
4
3
W 2DfˆDfˆW + iW [Dγˆδˆλ
γˆk,λδˆk]
−2W 2λγˆkλγˆk
)
, (10.13e)
where
λiαˆ := −iD
i
αˆW , X
ij := −
1
4
D
αˆ(iλ
j)
αˆ , F αˆβˆ =
1
4
D
k
(αˆλβˆ)k . (10.14)
The above curvature induced form agrees with the one found in [74] up to the addition
of an exact five-form
Σexact = dN , (10.15)
with
N iαˆ
j
βˆ
k
γˆ
l
δˆ
= 0 , Naˆ
j
βˆ
k
γˆ = 0 , Naˆbˆ
k
γˆ
l
δˆ
= 0 , (10.16a)
Naˆbˆcˆ
l
δˆ
= −iεaˆbˆcˆdˆeˆ(Σ
dˆeˆ)δˆ
γˆtr
(
W 2λlγˆ
)
, (10.16b)
Naˆbˆcˆdˆ = 0 . (10.16c)
Ignoring boundary terms, the exact form does not change the corresponding action.
It is worth noting that although we can add a total derivative constructed out ofW
and its covariant derivatives, the curvature induced form is uniquely fixed in conformal
supergravity. In particular, a primary generalization of (10.15) in supergravity does
not exist.
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10.3 The non-abelian Chern-Simons action
Making use of the superform Σ one can construct a closed five-form in 5D from
which one can derive a supersymmetric action. We now make use of the closed form,
J := ΣCS − ΣR (10.17)
and the action principle (9.16) together with the formula (8.27). We find the action26
S =
∫
d5x e tr
{
−
1
24
εaˆbˆcˆdˆeˆvaˆf bˆcˆf dˆeˆ −
i
24
εaˆbˆcˆdˆeˆvaˆvbˆvcˆf dˆeˆ −
1
60
εaˆbˆcˆdˆeˆvaˆvbˆv cˆvdˆveˆ
−
1
4
WF aˆbˆF
aˆbˆ +
1
4
WX ijX ij +
i
4
F aˆbˆ(λ
kΣaˆbˆλk)−
i
4
X ij(λ
iλj)
+
i
4
W (λk
←→
6∇ λk) +
1
6
W (∇aˆW )∇aˆW +
1
3
W 2∇aˆ∇aˆW −
32
9
DW 3
+
32i
9
χkλkW
2 −
3
4
W aˆbˆF aˆbˆW
2 −
5
12
W aˆbˆWaˆbˆW
3 −
1
2
W 2λkλk
−
i
8
(ψaˆiΓ
aˆΣbˆcˆλi)
(
{F bˆcˆ,W }+W
2Wbˆcˆ
)
−
i
24
ψaˆiΓ
aˆΓbˆλi{W ,∇bˆW }
− (ψaˆiΓ
aˆλj)
( i
8
{X ij,W }+
1
6
λ(iλj)
)
+
8i
9
(ψaˆiΓ
aˆχi)W 3
−
i
6
ψaˆiΓ
aˆ /∇λiW 2 −
1
12
(ψaˆiλj)(λ
(iΓaˆλj)) +
i
8
(ψcˆiΣ
aˆbˆΓcˆλi)W 2Waˆbˆ
+
i
24
(ψaˆkψbˆ
k)
(
2W 2F aˆbˆ − 3iλkΣaˆbˆλkW + 3W
aˆbˆW 3
)
+
i
48
εaˆbˆcˆdˆeˆ(ψaˆkΓbˆψcˆ
k)F dˆeˆW
2 +
i
12
(ψaˆiΣ
aˆbˆψbˆj)
(
2W 2X ij − 3iWλ(iλj)
)
+
1
12
(ψaˆiΣ
aˆbˆλi){W , ψbˆjλ
j}+
1
16
εaˆbˆcˆdˆeˆ(ψaˆkψbˆ
k)(ψcˆjΣdˆeˆλ
j)W 2
+
1
24
εaˆbˆcˆdˆeˆ(ψaˆjΣbˆcˆψdˆk)(ψeˆ
jλk)W 2 +
1
96
εaˆbˆcˆdˆeˆ(ψaˆkΓbˆψcˆ
k)(ψdˆjψeˆ
j)W 3
}
,
(10.18)
where we have defined
i
2
[∇γˆδˆλ
γˆk,λδˆk] =
i
2
λk
←→
6∇λk :=
i
2
λk 6∇λk −
i
2
(6∇λk)λk (10.19)
and introduced the bar-projected field strength and one-form:
f aˆbˆ = 2eaˆ
mˆebˆ
nˆ
(
∂[mˆvnˆ] − iv[mˆvnˆ]
)
, vaˆ := eaˆ
mˆvmˆ , vmˆ := V mˆ| . (10.20)
The vector covariant derivatives of the component fields may be expressed in
terms of the Dˆaˆ derivatives and hatted component fields introduced in section 4. For
26Here we understand the superfieldW and the superfields constructed from its covariant deriva-
tives as their corresponding component fields. It should be clear from context which we are referring
to.
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completeness we include the following component results:
∇aˆW = DˆaˆW −
i
2
ψaˆ
γˆ
kλ
k
γˆ , (10.21a)
∇
aˆ
∇aˆW = Dˆ
aˆ
∇aˆW −
i
2
ψaˆβˆj∇aˆλ
j
βˆ
+
i
2
ψβˆ
γˆ βˆ
jWγˆδˆλ
δˆj −
8i
3
ψβˆ
γˆ βˆ
j χ
j
γˆW
+
i
2
ψβˆ
γˆ βˆ
j [λ
j
γˆ ,W ]− 2ˆfaˆ
aˆW +
1
2
φˆβˆ
γˆ βˆjλγˆj
+
20i
3
χαˆiλαˆi +
20
3
DW +
1
32
W aˆbˆWaˆbˆW , (10.21b)
∇aˆλ
i
αˆ = Dˆaˆλ
i
αˆ − ψaˆ
βˆi(F βˆαˆ +WβˆαˆW )−
1
2
ψaˆαˆjX
ij −
1
2
ψaˆ
βˆi
∇βˆαˆW
− iφˆaˆ
i
αˆW +
1
4
W˜aˆbˆcˆ(Σ
bˆcˆ)αˆ
βˆλi
βˆ
−
8
3
(Γaˆ)αˆ
βˆχi
βˆ
W , (10.21c)
where
Dˆaˆ = Dˆaˆ − iV aˆ . (10.22)
Note that the covariant field strength may be expressed in terms of the bar-
projected field strength. Performing the component projection of the identity
F mˆnˆ = Emˆ
AˆEnˆ
BˆF AˆBˆ(−1)
ε
Aˆ
ε
Bˆ , (10.23)
we find
F aˆbˆ| = f aˆbˆ + i(Γ[aˆ)αˆ
βˆψbˆ]
αˆ
kλ
k
βˆ
+
i
2
ψ[aˆ
γˆ
kψbˆ]
k
γˆW . (10.24)
It should be mentioned that the abelian Chern-Simons action can straightfor-
wardly be read off of the action presented in this section.
11 Supermultiplets with gauged central charge
In the presence of a gauged central charge different off-shell multiplets in conformal
supergravity become possible. For example, in 4D N = 2 conformal supergravity
there exist so-called vector-tensor multiplets, which may be viewed as dual versions
of the abelian vector multiplet and possess gauge two-forms.27 The situation in 5D
conformal supergravity is similar. There also exists a dual version of the abelian vector
multiplet, which we refer to as the two-form multiplet. The off-shell multiplet was
first constructed in [19] within the component approach and was shown that it may be
generalized to a so-called large tensor multiplet that may be given a mass. Recently,
27See [77, 78] for a superspace description of all known off-shell vector-tensor multiplets in 4D
N = 2 conformal supergravity.
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two of us have shown how to describe both the two-form and large tensor multiplets
in Minkowski superspace by making convenient use of superform formulations [75].
In this section we generalize the results of [75] to conformal superspace. Firstly,
we discuss how to gauge the central charge in conformal superspace. We then give the
superform formulation for the linear multiplet with central charge and immediately
derive its corresponding action principle. The action provides an important ingredient
in constructing actions for multiplets with gauged central charge. Finally, we give
the superform formulations for the gauge two-form and large tensor multiplets.
11.1 Gauging a central charge in conformal superspace
We can introduce a central charge ∆ in conformal superspace and gauge it using
an abelian vector multiplet associated with a gauge connection V. Doing so requires
that we follow a similar procedure as the one used in section 2.6. We can obtain the
resulting structure by simply replacing the gauge connection V and field strength F
with those associated with the central charge ∆ as follows:
iV → V∆ , iF → F∆ . (11.1)
The central charge is required to commute with the covariant derivatives
[∆,∇Aˆ] = 0 (11.2)
and annihilate both V and F
∆V = 0 , ∆F = 0 . (11.3)
The central charge gauge transformations of the covariant derivatives are
δ∇Aˆ = [Λ∆,∇Aˆ] =⇒ δVAˆ = ∇AˆΛ , (11.4)
where the gauge parameter Λ is inert under the central charge, ∆Λ = 0.
We constrain the field strength F formally the same way as F but withW replaced
by W. The components of F are given by the following:
F iαˆ
j
βˆ
= 2iεijεαˆβˆW , (11.5a)
Faˆ
j
βˆ
= −(Γaˆ)βˆ
γˆ∇jγˆW , (11.5b)
Faˆbˆ = −
i
4
(Σaˆbˆ)
αˆβˆ(∇kαˆ∇βˆk − 4iWαˆβˆ)W , (11.5c)
with W constrained by the Bianchi identity
∇(iαˆ∇
j)
βˆ
W =
1
4
εαˆβˆ∇
γˆ(i∇j)γˆW . (11.6)
The above results will be used in the remainder of this section.
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11.2 The linear multiplet with central charge
In this subsection we construct a superform formulation for the 5D linear multiplet
with gauged central charge in conformal superspace, generalizing the one given in
[75]. Our approach is similar to the one adopted for the 4D N = 2 linear multiplet in
conformal supergravity [68]. We will show that the superform formulation naturally
leads to the action principle based on a linear multiplet.
11.2.1 Superform formulation for the linear multiplet
In [68] a superform formulation for the 4D N = 2 linear multiplet was found by
extending the vielbein to include the one-form gauging the central charge. This leads
to a system of superforms describing the linear multiplet. As in [75] we instead start
with a system of superforms that generalizes the one that appeared in [68].
We introduce two primary superforms: a five-form Σ˜ and a four-form Φ. We
require that they satisfy the superform equations
∇Σ˜ = F ∧ Φ , ∇Φ = −∆Σ˜ (11.7)
and transform as scalars under the gauge transformations (11.4)
δΣ˜ = Λ∆Σ˜ , δΦ = Λ∆Φ . (11.8)
The superforms Σ˜ and Φ can now be related to the linear multiplet with central charge
by imposing certain constraints. However, it will prove useful to first introduce some
notation to deal with the component form of (11.7).
We introduce indices that range over not just Aˆ but an additional bosonic coor-
dinate, Aˆ = (Aˆ, 6). Then we may rewrite eq. (11.7) in components as
∇[AˆΣBˆCˆDˆEˆFˆ} +
5
2
T[AˆBˆ
GˆΣ|Gˆ|CˆDˆEˆFˆ} = 0 , (11.9)
where we have made the identifications
TAˆBˆ
6 = FAˆBˆ , T6Bˆ
Aˆ = TBˆ6
Aˆ = 0 , ∇6 = ∆ (11.10)
and
Σ˜ =
1
5!
EEˆ ∧ EDˆ ∧ ECˆ ∧ EBˆ ∧ EAˆΣAˆBˆCˆDˆEˆ ,
Φ =
1
4!
EDˆ ∧ ECˆ ∧ EBˆ ∧ EAˆΣ6AˆBˆCˆDˆ . (11.11)
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We constrain the lowest dimension components by
Σiαˆ
j
βˆ
k
γˆ
l
δˆ
p
ρˆ = Σaˆ
i
αˆ
j
βˆ
k
γˆ
l
δˆ
= Σaˆbˆ
i
αˆ
j
βˆ
k
γˆ = Σ6
i
αˆ
j
βˆ
k
γˆ
l
δˆ
= Σ6aˆ
j
βˆ
k
γˆ
l
δˆ
= 0 ,
Σ6aˆbˆ
i
αˆ
j
βˆ
= 8i(Σaˆbˆ)αˆβˆL
ij , (11.12)
and analyze eq. (11.9). The remaining components are completely determined as
follows:
Σaˆbˆcˆ
i
αˆ
j
βˆ
= 4iεaˆbˆcˆdˆeˆ(Σ
dˆeˆ)αˆβˆWL
ij , (11.13a)
Σ6aˆbˆcˆ
i
αˆ = −
2
3
εaˆbˆcˆdˆeˆ(Σ
dˆeˆ)αˆ
βˆ
∇βˆjL
ji = −2εaˆbˆcˆdˆeˆ(Σ
dˆeˆ)αˆ
βˆϕi
βˆ
, (11.13b)
Σaˆbˆcˆdˆ
i
αˆ = −2εaˆbˆcˆdˆeˆ(Γ
eˆ)αˆ
βˆ(Wϕi
βˆ
+ iλβˆjL
ji) , (11.13c)
Σ6aˆbˆcˆdˆ =
i
12
εaˆbˆcˆdˆeˆ(Γ
eˆ)αˆβˆ∇iαˆ∇
j
βˆ
Lij ≡ εaˆbˆcˆdˆeˆΦ
eˆ , (11.13d)
Σaˆbˆcˆdˆeˆ = εaˆbˆcˆdˆeˆ(WF +X
ijLij + 2λ
γˆkϕγˆk) , (11.13e)
where Lij satisfies the constraint for the linear multiplet
∇
(i
αˆL
jk) = 0 (11.14)
and we have introduced the superfields
ϕiαˆ :=
1
3
∇αˆjL
ij , (11.15a)
F :=
i
12
∇
γˆi
∇
j
γˆLij = −
i
4
∇
γˆkϕγˆk . (11.15b)
The above superfields together with
Φaˆ =
i
12
(Γaˆ)
αˆβˆ
∇
i
αˆ∇
j
βˆ
Lij = −
i
4
(Γaˆ)
αˆβˆ
∇
k
αˆϕβˆk (11.16)
satisfy the following useful identities:
∇
i
αˆL
jk = 2εi(jϕ
k)
αˆ , (11.17a)
∇
i
αˆϕ
j
βˆ
= −
i
2
εijεαˆβˆF +
i
2
εijΦαˆβˆ + i∇αˆβˆL
ij + iεαˆβˆW∆L
ij , (11.17b)
∇
i
αˆF = −2∇αˆ
βˆϕi
βˆ
− 2iλαˆj∆L
ij − 6Wαˆβˆϕ
βˆi − 9XαˆjL
ij , (11.17c)
∇
i
αˆΦaˆ = 4(Σaˆbˆ)αˆ
βˆ
∇
bˆϕi
βˆ
− 2i(Γaˆ)αˆ
βˆλβˆj∆L
ij − 2(Γaˆ)αˆ
βˆW∆ϕi
βˆ
−4(Γaˆ)αˆ
βˆWβˆγˆϕ
γˆi − 6(Γaˆ)αˆ
βˆXβˆjL
ij . (11.17d)
Using the additional identities
Siαˆϕ
j
βˆ
= −6εαˆβˆL
ij , (11.18a)
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SiαˆF = 6iϕ
i
αˆ , (11.18b)
SiαˆΦbˆ = −8i(Γbˆ)αˆ
βˆϕi
βˆ
, (11.18c)
one can check that Σ˜ and Φ are primary.
The superform equations imply the differential condition on Φaˆ
∇
aˆΦaˆ = ∆(WF +X
ijLij + 2Λ
γˆkϕγˆk)− 5iX
γˆkϕγˆk . (11.19)
It should be mentioned that in the above the central charge transformation of Lij
is arbitrary. If we instead require Lij to be inert under the central charge, ∆Lij = 0,
we have
dΦ = 0 (11.20)
and Lij becomes an O(2) multiplet already described in previous sections.
11.2.2 Action principle
Having derived the components of ΣAˆBˆCˆDˆEˆ , it is straightforward to construct a
closed five-form. It is
J = Σ˜ + V ∧ Φ . (11.21)
One can check that it is closed,
dJ = dΣ˜ + V ∧ dΦ + dV ∧ Φ =∇Σ˜ + V ∧∆Σ˜ + V ∧∇Φ + F ∧ Φ = 0 , (11.22)
and it transforms by an exact form under the central charge transformations,
δΛJ = δΛΣ− δΛV ∧ Φ− V ∧ δΛΦ
= Λ∆Σ− dΛ ∧ Φ− V ∧ (Λ∆Φ) = −d(ΛΦ) . (11.23)
The corresponding action is found using eq. (8.11) to be
S = −
∫
d5x e
(
vaˆφaˆ +WF +X
ijLij + 2λ
kϕk
− ψaˆiΓ
aˆϕiW − iψaˆiΓ
aˆλjL
ij + iψaˆiΣ
aˆbˆψbˆjWL
ij
)
, (11.24)
where all superfields appearing in the action are understood as their component pro-
jections and we have defined
vaˆ := eaˆ
mˆVmˆ| , φ
aˆ := −
1
4!
erˆ
aˆεmˆnˆpˆqˆrˆΦmˆnˆpˆqˆ| . (11.25)
For completeness we also give the component field projection of Φaˆ:
Φaˆ| = φaˆ − 2ψbˆkΣ
aˆbˆϕk +
3i
8
εaˆbˆcˆdˆeˆψbˆkΣcˆdˆψeˆlL
kl| . (11.26)
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11.3 Gauge two-form multiplet
In superspace, the two-form multiplet is described by a constrained real superfield
L that is coupled to the vector multiplet gauging the central charge [32, 75], similar to
the 4D N = 2 vector-tensor multiplets. Here we show how a geometric formulation of
the multiplet naturally leads to the constraints on L in conformal supergravity. Our
presentation is similar to the one given in [75] in Minkowski superspace.
In this subsection we wish to describe couplings of the two-form multiplet to addi-
tional Yang-Mills multiplets W . Therefore in what follows we make use of covariant
derivatives which contain both the gauge connection gauging the central charge and
the Yang-Mills gauge connection:
∇ = d− V∆− iV , ∇Aˆ = ∇Aˆ − VAˆ∆− iV Aˆ . (11.27)
We introduce a gauge two-form, B = 1
2
EBEABAB and define its three-form field
strength H by
H :=∇B − tr
(
V ∧ F −
i
3
V ∧ V ∧ V
)
, (11.28)
where V and F are the Yang-Mills connection and field strength corresponding to the
superfieldW .28 Here B is a gauge singlet but is not assumed to be annihilated by the
central charge. The (infinitesimal) transformation law for the system of superforms
is
δV = dΛ , ∆Λ = 0 ,
δV = dτ − i[V , τ ] , ∆τ = 0 ,
δB = Λ∆B − tr(τ ∧ dV ) + dΞ , ∆Ξ = 0 , (11.29)
where Λ, τ and Ξ generate the gauge transformations of V, V and B, respectively.
The field strength H transforms covariantly under the central charge transformations
δH = Λ∆H (11.30)
and satisfies the Bianchi identity
∇H = −F ∧∆B − tr(F ∧ F ) . (11.31)
28The special case of n abelian vector multiplets may be obtained by taking tr(V ∧F )→ ηIJV IF J ,
where η is a symmetric, ηIJ = ηJI , coupling constant and V
I and F I are the gauge connections and
field strengths of the abelian vector multiplets.
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Again we can make use of the notation that was introduced in section 11.2.1. We
extend the Bianchi identity by introducing an additional bosonic index, Aˆ = (Aˆ, 6).
This can be done because we also have the additional superform equation
∆H =∇(∆B) . (11.32)
Combining the above equation with the Bianchi identity (11.31) gives
∇[AˆHBˆCˆDˆ} +
3
2
T[AˆBˆ
Eˆ
H|Eˆ|CˆDˆ} +
3
2
tr(F [AˆBˆF CˆDˆ}) = 0 , (11.33)
where we have defined
H6AˆBˆ := ∆BAˆBˆ , F 6Aˆ = F Aˆ6 = 0 , (11.34a)
TAˆBˆ
6 := FAˆBˆ , TAˆ6
Bˆ = T6Aˆ
Bˆ = 0 , D6 := ∆ . (11.34b)
Constraining the lowest components of HAˆBˆCˆ by
H
i
αˆ
j
βˆ
k
γˆ = 0 , H6
i
αˆ
j
βˆ
= −2iεijεαˆβˆL (11.35)
fixes the remaining components of HAˆBˆCˆ. Analyzing eq. (11.33) by increasing dimen-
sion and subject to the constraints (11.35) (and the identifications (11.34)) leads to
the remaining components:
Haˆ
j
βˆ
k
γˆ = −2iε
jk
(
Γaˆ)βˆγˆ(WL− tr(W
2)
)
, (11.36a)
H6aˆ
j
βˆ
= (Γaˆ)βˆ
γˆ
∇
j
γˆL , (11.36b)
Haˆbˆ
k
γˆ = 2(Σaˆbˆ)γˆ
δˆ
∇
k
δˆ
(WL− tr(W 2)) , (11.36c)
H6aˆbˆ =
i
4
(Σaˆbˆ)
αˆβˆ(∇kαˆ∇βˆk − 4iWαˆβˆ)L , (11.36d)
Haˆbˆcˆ = −
i
8
εaˆbˆcˆdˆeˆ(Σ
dˆeˆ)αˆβˆ
(
(∇kαˆ∇βˆk + 4iWαˆβˆ)
(
WL− tr(W 2)
)
+2(∇kαˆW)∇βˆkL− 2tr
(
(∇kαˆW )∇βˆkW
))
, (11.36e)
where L satisfies the constraints
∇
(i
αˆ∇
j)
βˆ
L =
1
4
εαˆβˆ∇
γˆ(i
∇
j)
γˆ L , (11.37a)
∇
γˆ(i
∇
j)
γˆ
(
WL− tr(W 2)
)
= −2(∇γˆ(iW)∇j)γˆ L+ 2tr
(
(∇γˆ(iW )∇
j)
γˆW
)
. (11.37b)
To describe the action for the two-form multiplet one can use the composite linear
multiplet29
Lij =
i
2
(
2(∇αˆ(iL)∇
j)
αˆL+ L∇
αˆ(i
∇
j)
αˆL
)
=
i
6L
∇
ij(L3) . (11.38)
29This superfield Lagrangian first appeared in [32] in Minkowski superspace.
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Note that it is also possible to construct another linear multiplet
Lij =
i
4
(
4(∇αˆ(iW )∇
j)
αˆL+W∇
αˆ(i
∇
j)
αˆL+ L∇
αˆ(i
∇
j)
αˆW
)
, (11.39)
which couples the two-form multiplet to a vector multiplet W . The corresponding
component actions can be found in [19, 22].
11.4 Large tensor multiplet
In [19] it was discovered that there also exists the large tensor multiplet, which
consists of 16 + 16 degrees of freedom. In superspace the large tensor multiplet may
be viewed as a generalization of the gauge two-form multiplet in which the constraints
(11.37) are weakened. To show this let L be a superfield constrained in the same way
as eq. (11.37a),
∇
(i
αˆ∇
j)
βˆ
L =
1
4
εαˆβˆ∇
γˆ(i
∇
j)
γˆ L . (11.40)
Requiring only the above constraint, it is possible to show that consistency requires
us to have [32]
0 = ∆
{
∇
γˆ(i
∇
j)
γˆ (WL) + 2(∇
γˆ(iW)∇j)γˆ L
}
= ∇γˆ(i∇
j)
γˆ (W∆L) + 2(∇
γˆ(iW)∇j)γˆ ∆L , (11.41)
which is automatically satisfied for the gauge two-form multiplet. Here we will take
eq. (11.41) as a second constraint on L. The constraints (11.40) and (11.41) allow us
to construct a superform framework describing the large tensor multiplet.
We begin by introducing a two-form30 B, transforming as
δB = Λ∆B + dΞ , ∆Ξ = 0 , (11.42)
and an associated three form H
H =∇B . (11.43)
Imposing the constraints
Hiαˆ
j
βˆ
k
γˆ = 0 , H6
i
αˆ
j
βˆ
= −2iεijεαˆβˆ∆L (11.44)
and solving the Bianchi identities yields the components of H:
Haˆ
j
βˆ
k
γˆ = −2iε
jk
(
Γaˆ)βˆγˆW∆L , (11.45a)
30In this subsection B will be used for the two-form. It is unrelated to the three-form B used for
the O(2) multiplet.
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H6aˆ
j
βˆ
= (Γaˆ)βˆ
γˆ
∇
j
γˆ∆L , (11.45b)
Haˆbˆ
k
γˆ = 2(Σaˆbˆ)γˆ
δˆ
∇
k
δˆ
(W∆L) , (11.45c)
H6aˆbˆ =
i
4
(Σaˆbˆ)
αˆβˆ(∇kαˆ∇βˆk − 4iWαˆβˆ)∆L , (11.45d)
Haˆbˆcˆ = −
i
8
εaˆbˆcˆdˆeˆ(Σ
dˆeˆ)αˆβˆ
(
(∇kαˆ∇βˆk + 4iWαˆβˆ)
(
W∆L
)
+ 2(∇kαˆW)∇βˆk∆L
)
,
(11.45e)
where L is constrained by eqs. (11.40) and (11.41) and H6AˆBˆ = ∆BAˆBˆ. There are
still too many component fields and to eliminate them we impose the constraint
Biαˆ
j
βˆ
= −2iεijεαˆβˆL , (11.46)
which fixes the remaining components via eq. (11.43) as
Baˆ
j
βˆ
= (Γaˆ)βˆ
γˆ
∇
j
γˆL , Baˆbˆ =
i
4
(Σaˆbˆ)
αˆβˆ(∇kαˆ∇βˆk − 4iWαˆβˆ)L . (11.47)
At the highest dimension eq. (11.43) gives
3(∇′[aˆBbˆcˆ] −T[aˆbˆ
δˆ
lBc]
l
δˆ
) = −
i
8
εaˆbˆcˆdˆeˆ(Σ
dˆeˆ)αˆβˆ∆
(
(∇kαˆ∇βˆk + 4iWαˆβˆ)
(
WL
)
+ 2(∇kαˆW)∇βˆkL
)
, (11.48)
where
∇
′
aˆ =∇aˆ −
1
8
εaˆbˆcˆdˆeˆW
bˆcˆM dˆeˆ . (11.49)
The conditions (11.41) and (11.48) are similar to the ones imposed in [19] from re-
quiring closure of the supersymmetry transformations. In contrast with the gauge
two-form multiplet, which was based on the stronger constraints (11.37), the compo-
nent fields of the large tensor multiplet
∆∇iαL| , ∆
2L| (11.50)
are no longer composite.
We should remark that the above constraints can be naturally generalized to
include couplings to the Yang-Mills multiplet. Furthermore, since B possesses the
gauge transformation law
δB = dΞ , ∆Ξ = 0 , (11.51)
one can always shift L by an abelian vector multiplet
L → L+ cW , (11.52)
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where c is an arbitrary real coefficient. One can check that the constraints (11.40)
and (11.41) are invariant under such transformations.
We can construct an action for an even number of large tensor multiplets LI . To
do so we make use of the superfield Lagrangian
Lij = Lijkin + L
ij
mass , (11.53)
where
Lijmass =
i
2
mIJ
(
2(∇αˆ(iLI)∇j)αˆL
J + LI∇αˆ(i∇j)αˆL
J
)
, mIJ = mJI , (11.54a)
Lijkin =
i
4
kIJ
(
2(∇αˆ(iLI)
←→
∆∇
j)
αˆL
J + LI
←→
∆∇αˆ(i∇
j)
αˆL
J
)
, kIJ = −kJI . (11.54b)
The constant matrices mIJ and kIJ are assumed to be nonsingular. The Lagrangian
Lij may be seen to be a linear multiplet. The component action in supergravity is
given in [19].
12 Off-shell (gauged) supergravity
We now turn to an off-shell formulation for 5D minimal supergravity obtained by
coupling the Weyl multiplet to the following compensators: (i) the vector multiplet;
and (ii) the O(2) multiplet. This is the 5D analogue of the off-shell formulation for
4D N = 2 supergravity proposed by de Wit, Philippe and Van Proeyen [79].31 We
will first describe the construction within superspace and then briefly give the bosonic
part of the component action.
12.1 Superspace formulation
The superfield Lagrangian for 5D (gauged) supergravity is analogous to the one
for 4D N = 2 supergravity [81] and reads
L(2)SG =
1
4
V H
(2)
VM +G
(2) ln
G(2)
iΥ(1)Υ˘(1)
+ κV G(2) ≡ L(2)V + L
(2)
L + L
(2)
VL . (12.1)
In the first term, H
(2)
VM denotes the composite O(2) multiplet (5.40). The super-
space action generated by L(2)V then leads to the abelian Chern-Simons action, but
31The 4D N = 2 supergravity formulation of [79] makes use of the N = 2 improved tensor
multiplet constructed in terms of N = 1 superfields in Minkowski superspace [80] and then in terms
of component fields in the locally supersymmetric case [79].
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normalized with the wrong sign (as usual for a compensator action) and with an
additional factor of 3 for later convenience (compare with eq. (9.1)).
Modulo a similar overall sign, the second term in (12.1) denoted by L(2)L describes
the dynamics of the O(2) multiplet or, equivalently, linear multiplet without central
charge. The superfield Υ(1)(v) is a covariant weight-one arctic multiplet, and Υ˘(1)(v)
its smile-conjugated antarctic superfield. The action proves to be independent of Υ(1)
and Υ˘(1) [81].
The BF term in (12.1) denoted by L(2)VL describes a supersymmetric cosmological
term. For κ = 0 the Lagrangian (12.1) describes pure Poincare´ supergravity, while
the case κ 6= 0 corresponds to gauged or anti-de Sitter supergravity.
Making use of (7.16), the action generated by L(2)V may be rewritten as an integral
over the full superspace,
S[L(2)V ] =
1
2pi
∮
(v, dv)
∫
d5|8z E C(−4)L(2) =
1
4
∫
d5|8z E VijH
ij
VM , (12.2)
with Vij being Mezincescu’s prepotential. Applying (7.16) once more gives another
representation
S[L(2)V ] =
1
4
∫
d5|8z EΩVMW , (12.3)
where we have introduced the primary superfield
ΩVM =
i
4
(
W∇ijVij − 2(∇
αˆiVij)∇
j
αˆW − 2Vij∇
ijW
)
, (12.4)
which is a prepotential for H
(2)
VM in the sense of (7.5b). The representations (12.2) and
(12.3) allow us to compute the variation of S[L(2)V ] induced by an arbitrary variation
of the vector multiplet prepotential, either Mezincescu’s or the tropical one,
δS[L(2)V ] =
3
4
∫
d5|8z E δVijH
ij
VM (12.5a)
=
3
8pi
∮
(v, dv)
∫
d5|8z E C(−4)δV H
(2)
VM . (12.5b)
Making use of (12.5b), we readily find the equation of motion for the vector multiplet
in the supergravity theory (12.1) to be
H
(2)
VM +
4κ
3
G(2) = 0 . (12.6)
We next consider the action generated by L(2)L . It may be rewritten as an integral
over the full superspace
S[L(2)L ] =
∫
d5|8z E ΩW , (12.7)
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where
W := −
i
16pi
∮
(v, dv)∇(−2) log
( G(2)
iΥ(1)Υ˘(1)
)
(12.8)
is a composite vector multiplet field strength obeying the Bianchi identity (7.13). The
direct evaluation of W will be given in section 14.2. The result is
W =
i
16
G∇αˆi∇jαˆ
(Gij
G2
)
. (12.9)
It may be seen that varying the prepotential Ω leads to the following variation of the
action:
δS[L(2)L ] =
∫
d5|8z E δΩW . (12.10)
Finally, we note that the action generated by L(2)VL may also be rewritten as an
integral over the full superspace
S[L(2)VL] = κ
∫
d5|8z E VijG
ij = κ
∫
d5|8z E ΩW . (12.11)
As a result, the complete (gauged) supergravity action becomes
SSG =
∫
d5|8z E
{1
4
VijH
ij
VM + ΩW+ κVijG
ij
}
(12.12a)
=
∫
d5|8z E
{1
4
VijH
ij
VM + ΩW+ κΩW
}
. (12.12b)
Now, from the relations (12.10) and (12.12b) we deduce the supergravity equation of
motion for the O(2) compensator:
W+ κW = 0 . (12.13)
The equation of motion for the Weyl multiplet is
G−W 3 = 0 . (12.14)
It may be shown that, modulo gauge freedom, the Weyl multiplet is described by
a single unconstrained real prepotential U.32 The equation (12.14) is obtained by
varying the supergravity action with respect to U. The meaning of (12.14) is that the
supercurrent of pure supergravity is equal to zero.
32This can be done in complete analogy with the case of 4D N = 2 supergravity [82].
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In general, given a dynamical system involving (matter) superfields ϕi coupled
to the Weyl multiplet, the supercurrent of this theory is a dimension-3 primary real
scalar superfield defined by
T =
∆
∆U
S[ϕ] , (12.15)
where ∆/∆U denotes a covariantized variational derivative with respect to U. The
variation ∆U is a primary superfield with dimension −2. The supercurrent turns out
to satisfy the conservation equation
∇ijT = 0 (12.16)
provided the dynamical superfields obey their equations of motion, δS[ϕ]/δϕi = 0.
This follows from the fact that ∆U is defined modulo gauge transformations
∆U → ∆U+∇ijΩij , (12.17)
where gauge parameter Ωij is a primary real isovector superfield with dimension −3.
It is an instructive exercise to prove that the left-hand side of (12.14) obeys the
constraint
∇ij
(
G−W 3
)
= 0 (12.18)
provided the equations (12.6) and (12.13) hold.
The supergravity equations of motion (12.6), (12.13) and (12.14) appeared in [83].
They are analogous to the superfield equations for 4D N = 2 (gauged) supergravity
[67, 84].
12.2 Component formulation
To complement the superspace discussion, we now present briefly the bosonic part
of the component action for gauged supergravity. The three superspace actions given
in (12.1) can be analyzed in components easily using results given elsewhere in this
paper. The first term L(2)V leads to the wrong sign abelian Chern-Simons Lagrangian
LV =
1
8
εaˆbˆcˆdˆeˆvaˆfbˆcˆfdˆeˆ +
3
4
Wfaˆbˆf
aˆbˆ −
3
4
WX ijXij +
9
4
waˆbˆfaˆbˆW
2
+
3
2
W (DˆaˆW )DˆaˆW −
1
8
RˆW 3 + 4DW 3 +
39
32
waˆbˆwaˆbˆW
3 , (12.19)
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where Dˆaˆ is defined by eq. (4.32). The second term L
(2)
L leads to the O(2) multiplet
Lagrangian
LL =
1
4
G−1(DˆaˆG
ij)DˆaˆGij −
1
2
G−1φaˆφaˆ
+
1
12
εaˆbˆcˆdˆeˆbcˆdˆeˆ
(1
2
G−3(DˆaˆGik)(DˆbˆGj
k)Gij +G−1Rˆ(J)aˆbˆ
ijGij
)
−
1
8G
F 2 −
3
8
RˆG− 4DG−
3
32
waˆbˆwaˆbˆG . (12.20)
This Lagrangian is analogous to the 4D improved tensor multiplet Lagrangian [79]
and shares similar features. In particular, the second line of (12.20) involves a BF
coupling between the three-form baˆbˆcˆ and a composite two-form constructed from the
tensor multiplet scalars and the SU(2) gauge fields. As discussed in [79], this two-
form is closed but not exact: it has no SU(2)-invariant one-form potential. The third
superspace Lagrangian L(2)VL leads to the simple expression
LVL = −κWF − κX
ijGij − 2κvaˆφ
aˆ . (12.21)
We now combine all three Lagrangians and eliminate the auxiliary fields using
their equations of motion. The equation of motion for D is
W 3 −G = 0 (12.22)
and corresponds to the lowest component of the superfield equation of motion (12.14).
Similarly, the equations of motion for the vector multiplet auxiliary X ij and the O(2)
multiplet auxiliary F lead, respectively, to
3
2
WXij + κGij = 0 , (12.23)
1
4G
F + κW = 0 , (12.24)
which correspond to the bosonic parts of the lowest components of (12.6) and (12.13),
respectively. Finally, we must impose the equation of motion for waˆbˆ, which leads to
waˆbˆW + faˆbˆ = 0 . (12.25)
This is actually the bosonic part of a higher component of the Weyl superfield equation
of motion; it can be extracted by applying ∇k(αˆ∇βˆ)k to (12.14) and taking the lowest
component.
After imposing each of these equations, we finally choose the Weyl gauge W = 1.
This leads to the component Lagrangian
LSG = −
1
2
Rˆ+
1
8
εaˆbˆcˆdˆeˆvaˆfbˆcˆfdˆeˆ −
3
8
faˆbˆf
aˆbˆ +
8
3
κ2
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+
1
4
(DˆaˆG
ij)DˆaˆGij −
1
2
φaˆφaˆ − 2κvaˆφ
aˆ
+
1
12
εaˆbˆcˆdˆeˆbcˆdˆeˆ
(1
2
(DˆaˆGik)(DˆbˆGj
k)Gij + Rˆ(J)aˆbˆ
ijGij
)
. (12.26)
The terms in the second and third lines turn out to lead to auxiliary fields. The
easiest way to see this is to adopt the SU(2) gauge
G12 = i , G11 = G22 = 0 , (12.27)
which breaks the R-symmetry group to U(1). Using
DˆaˆG
11 = 2iVaˆ
11 , DˆaˆG
22 = −2iVaˆ
22 , DˆaˆG
12 = 0 , (12.28)
the supergravity Lagrangian can be rewritten as
LSG = −
1
2
Rˆ+
1
8
εaˆbˆcˆdˆeˆvaˆfbˆcˆfdˆeˆ −
3
8
faˆbˆf
aˆbˆ +
8
3
κ2
+ 2Vaˆ
11V aˆ22 −
1
2
φaˆφaˆ − 2(κvaˆ + iVaˆ
12)φaˆ . (12.29)
Now one introduces a Lagrange multiplier term φaˆDˆaˆλ to enforce the constraint on φaˆ;
the field λ is eaten by Vaˆ12, which fixes the remaining R-symmetry up to a compensat-
ing κ-dependent transformation to counter the graviphoton’s gauge transformation.
Integrating out φaˆ then gives
LSG = −
1
2
Rˆ+
1
8
εaˆbˆcˆdˆeˆvaˆfbˆcˆfdˆeˆ −
3
8
faˆbˆf
aˆbˆ +
8
3
κ2 + (Vaˆ
ij + κGijvaˆ)
2 (12.30)
where we have written the auxiliary one-forms in a way which holds for any choice
of constant Gij. The equation of motion for this auxiliary then fixes Vaˆij = −κGijvaˆ,
which is ultimately responsible for the κ-dependent minimal coupling between the
gravitino and the graviphoton. Note that the cosmological constant is given in these
conventions by
Λ = −
8
3
κ2 < 0 . (12.31)
13 Dilaton Weyl multiplets and superforms
It is possible to construct variant formulations for conformal supergravity by cou-
pling the standard Weyl multiplet, which is described in sections 2 and 4, to an
on-shell abelian vector multiplet with nowhere vanishing field strength, W 6= 0. The
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field strength W of such a vector multiplet satisfies the Bianchi identity (2.49) as well
as the equation of motion
H
ij = 0 (13.1)
derived from a gauge invariant action S[W ], see section 6.6.
In this section, we consider a special case of the equation of motion (13.1) that
originates in 5D minimal supergravity with cosmological term realized as conformal
supergravity coupled to two compensators: (i) the vector multiplet; and (ii) the O(2)
multiplet. In this case Hij ≡ H ijVM, whereH
ij
VM denotes the composite Yang-MillsO(2)
multiplet (2.54). In the superspace setting, the supergravity equations of motion [83]
are given by eqs. (12.6), (12.13) and (12.14). In what follows, we will only use eq.
(12.6).
13.1 The dilaton Weyl multiplet
The dilaton Weyl multiplet33 [18, 20] is equivalently described as the standard
Weyl multiplet coupled to a vector multiplet compensator obeying the equation of
motion
H ijVM = 0 . (13.2)
The formulation of this multiplet in SU(2) superspace was given in [3]. Eq. (13.2) in
SU(2) superspace is equivalent to
Sij =
i
2W 2
{
(Dαˆ(iW )Dj)αˆW +
1
2
WDijW
}
. (13.3)
Equation (13.2) tells us that the matter fields of the super Weyl tensorWaˆbˆ satisfy
certain constraints that allow one to solve Waˆbˆ in terms of a gauge two-form. To see
this we make use of the equivalence between vector and two-form multiplets on the
mass shell. We recall that the two-form multiplet was described in section 11.3 and
here we will use its superform realization.
Ignoring the Chern-Simons couplings to Yang-Mills multiplets, a two-form multi-
plet possesses a gauge two-form B with corresponding field strength
H = dB − V ∧∆B . (13.4)
33The dilaton Weyl multiplet corresponds to the Nishino-Rajpoot version [85] of 5D N = 1
Poincare´ supergravity.
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Imposing the on-shell condition for a two-form multiplet, ∆L = 0, allows one to
identify L with a vector multiplet. In fact, we identify both the vector multiplet
gauging the central charge and the two-form multiplet with the same vector multiplet.
To do this we make the replacements
L→ −W , W →W , (13.5)
which requires
∆B = F , F = F , V = V . (13.6)
Note that the gauge transformations become
δV = dΛ , δB = ΛF + dΞ . (13.7)
The field strength H = dB − V ∧ F satisfies the Bianchi identity
dH = −F ∧ F , (13.8)
or, equivalently,
∇[AˆHBˆCˆDˆ} +
3
2
T[AˆBˆ
Eˆ
H|Eˆ|CˆDˆ} +
3
2
F[AˆBˆFCˆDˆ} = 0 . (13.9)
The solution to the above Bianchi identity may be read off of eq. (11.36):
H
i
αˆ
j
βˆ
k
γˆ = 0 , (13.10a)
Haˆ
j
βˆ
k
γˆ = 2iε
jk
(
Γaˆ)βˆγˆW
2 , (13.10b)
Haˆbˆ
k
γˆ = −2(Σaˆbˆ)γˆ
δˆ∇k
δˆ
W 2 , (13.10c)
Haˆbˆcˆ =
i
8
εaˆbˆcˆdˆeˆ(Σ
dˆeˆ)αˆβˆ
(
∇kαˆ∇βˆkW
2 + 4iWαˆβˆW
2 + 2(∇kαˆW )∇βˆkW
)
. (13.10d)
The Bianchi identities are satisfied since we have the on-shell condition (13.2), which
is equivalent to
∇γˆ(i∇j)γˆ W
2 = −2(∇γˆ(iW )∇j)γˆ W . (13.11a)
From the component Haˆbˆcˆ one finds the expression for the super Weyl tensor
Waˆbˆ =
1
3W 2
(1
6
εaˆbˆcˆdˆeˆH
cˆdˆeˆ − 2WFaˆbˆ − i(Σaˆbˆ)
αˆβˆλkαˆλβˆk
)
. (13.12)
Due to the above relation we see that we may instead choose the gauge two-form Baˆbˆ
as a fundamental component field. This means that the matter fields in the standard
Weyl multiplet become composite. They may be derived directly from the above
superspace expression for Waˆbˆ.
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Using the above relations we can replace the matter fields in the standard Weyl
multiplet:
(Waˆbˆ, X
i
αˆ, Y )→ (W,λ
i
αˆ, Vmˆ,Bmˆnˆ) . (13.13)
This leads to the dilaton Weyl multiplet, which only differs from the standard Weyl
multiplet in the matter field content. One can check that bothWeyl multiplets contain
32+32 degrees of freedom.
The construction of actions involving the dilaton Weyl multiplet may be readily
obtained from those involving the standard Weyl multiplet upon making the replace-
ments in this subsection. One can further construct actions by replacing any vector
multiplet Wˆ with the components of the dilaton Weyl multiplet as follows:
(Wˆ , λˆiαˆ, Vˆmˆ, Xˆ
ij)→ (W,λiαˆ, Vmˆ,
i
2W
λiλj) . (13.14)
13.2 The deformed dilaton Weyl multiplet
The deformed Weyl multiplet [86] is equivalently described as the standard Weyl
multiplet coupled to a vector multiplet compensator obeying the equation of motion
H ijVM = −
4κ
3
Gij , (13.15)
which implies
X ij =
i
2W
λiλj −
2κ
3W
Gij . (13.16)
Here the O(2) compensator Gij is considered as a background field.
Just like in the previous case we can give the constrained system a geometric
description. We now modify the superform equation to
dH = −F ∧ F −
4κ
3
Φ , (13.17)
where
H = dB − V ∧ F −
4κ
3
B . (13.18)
Here B is the gauge three-form for the O(2) multiplet. From the above we see that
we must modify the gauge transformation of B to be
δB = ΛF + dΞ +
4κ
3
ρ (13.19)
since
δB = dρ . (13.20)
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The solution is
H
i
αˆ
j
βˆ
k
γˆ = 0 , (13.21a)
Haˆ
j
βˆ
k
γˆ = 2iε
jk
(
Γaˆ)βˆγˆW
2 , (13.21b)
Haˆbˆ
k
γˆ = −2(Σaˆbˆ)γˆ
δˆ∇k
δˆ
W 2 , (13.21c)
Haˆbˆcˆ =
i
8
εaˆbˆcˆdˆeˆ(Σ
dˆeˆ)αˆβˆ
(
∇kαˆ∇βˆkW
2 + 4iWαˆβˆW
2 + 2(∇kαˆW )∇βˆkW
)
. (13.21d)
From the component Haˆbˆcˆ one finds the expression
Waˆbˆ =
1
3W 2
(1
6
εaˆbˆcˆdˆeˆH
cˆdˆeˆ − 2WFaˆbˆ − i(Σaˆbˆ)
αˆβˆλkαˆλβˆk
)
. (13.22)
Again the matter components of the Weyl multiplet may be replaced using the above
expression. The above expression for Waˆbˆ looks formally the same as eq. (13.12).
However, it should be kept in mind that W now satisfies the different on-shell con-
straint
∇γˆ(i∇j)γˆ W
2 = −2(∇γˆ(iW )∇j)γˆ W +
16i
3
κGij . (13.23)
13.3 The deformed dilaton Weyl multiplet with Chern-Simons
couplings
It was mentioned in [25] that one can generalize the construction of the dilaton
Weyl multiplet to include a system of abelian vector multiplets. Using a similar idea
we generalize the deformed dilaton Weyl multiplet of the previous subsection in the
presence of Yang-Mills couplings.
We now modify the superform equation to
dH = −F ∧ F − tr(F ∧ F )−
4κ
3
Φ , (13.24)
where
H = dB − V ∧ F − tr(V ∧ F −
i
3
V ∧ V ∧ V )−
4κ
3
B . (13.25)
From the above we see that we must modify the gauge transformation of B to be
δB = ΛF + tr(τdV ) + dΞ +
4κ
3
ρ (13.26)
since
δB = dρ , δV = dτ − i[V , τ ] . (13.27)
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The superform equation (13.24) is solved by
H
i
αˆ
j
βˆ
k
γˆ = 0 , (13.28a)
Haˆ
j
βˆ
k
γˆ = 2iε
jk(Γaˆ)βˆγˆ
(
W 2 + tr(W 2)
)
, (13.28b)
Haˆbˆ
k
γˆ = −2(Σaˆbˆ)γˆ
δˆ
∇
k
δˆ
(
W 2 + tr(W 2)
)
, (13.28c)
Haˆbˆcˆ =
i
8
εaˆbˆcˆdˆeˆ(Σ
dˆeˆ)αˆβˆ
(
∇
k
αˆ∇βˆk
(
W 2 + tr(W 2)
)
+ 4iWαˆβˆW
2
+ 2tr
(
(∇kαˆW )∇βˆkW
)
+ 2(∇kαˆW )∇βˆkW
)
, (13.28d)
where W satisfies the Bianchi identity
∇
γˆ(i
∇
j)
γˆ
(
W 2 + tr(W 2)
)
= −2(∇γˆ(iW )∇j)γˆ W − 2tr
(
(∇γˆ(iW )∇
j)
γˆW
)
+
16i
3
κGij ,
(13.29)
which implies
X ij =
i
2W
(
λiλj + tr(λiλj)
)
−
1
W
tr(WX ij)−
2κ
3W
Gij . (13.30)
From the component Haˆbˆcˆ one finds the expression
3
(
W 2 + tr(W 2)
)
Waˆbˆ =
(1
6
εaˆbˆcˆdˆeˆH
cˆdˆeˆ − 2WFaˆbˆ − 2tr(WF aˆbˆ)
− i(Σaˆbˆ)
αˆβˆλkαˆλβˆk − i(Σaˆbˆ)
αˆβˆtr(λkαˆλβˆk)
)
. (13.31)
If
(
W 2 + tr(W 2)
)
does not vanish then we can again replace the matter fields of the
Weyl multiplet with those of W .
The supersymmetry transformations of the gauge fields may be obtained from eq.
(4.42) upon using (13.31). We list the supersymmetry transformations of the matter
fields below:
δW = iξkλ
k , (13.32a)
δΛiαˆ = 2ξ
βˆi(Fβˆαˆ +WβˆαˆW ) +
i
2W
ξαˆj
(
λ(iλj) + tr(λ(iλj))
)
−
1
W
ξαˆjtr(WX
ij)
−
2κ
3W
ξαˆjG
ij − ξβˆi∇βˆαˆW + 2iη
i
αˆW , (13.32b)
δVmˆ = iξkΓmˆλ
k + iξjψmˆ
jW , (13.32c)
δBmˆnˆ = 2iξkΓ[mˆψnˆ]
k
(
W 2 + tr(W 2)
)
− 4iξkΣmˆnˆλ
kW
− 4iξkΣmˆnˆtr(λ
kW )− 2V[mˆδVnˆ] − 2tr
(
V [mˆδV nˆ]
)
. (13.32d)
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The superconformal field strengths are given by
Faˆbˆ = 2eaˆ
mˆebˆ
nˆ∂[mˆVnˆ] − iψ[aˆkΓbˆ]λ
k +
i
2
ψ[aˆ
γˆ
kψbˆ]
k
γˆW , (13.33a)
F aˆbˆ = 2eaˆ
mˆebˆ
nˆ(∂[mˆV nˆ] − iV [mˆV nˆ])− iψ[aˆkΓbˆ]λ
k +
i
2
ψ[aˆ
γˆ
kψbˆ]
k
γˆW , (13.33b)
Haˆbˆcˆ = eaˆ
mˆebˆ
nˆecˆ
pˆ
(
3∂[mˆBnˆpˆ] − 3V[mˆFnˆpˆ] − tr(3V [mˆF nˆpˆ] + 2iV [mˆV nˆV pˆ])−
4κ
3
Bmˆnˆpˆ
)
+
3i
2
ψ[aˆ
kΓbˆψcˆ]k
(
W 2 + tr(W 2)
)
− 6iWψ[aˆ
kΣbˆcˆ]λk − 6i tr
(
Wψ[aˆ
kΣbˆcˆ]λk
)
. (13.33c)
The supersymmetry transformations for the previous two cases (the dilaton Weyl
and deformed dilaton Weyl multiplets) may be straightforwardly obtained from the
above general results.
14 Higher derivative couplings
The superspace formalism developed in this paper offers more general tools to
construct composite primary multiplets (that may be used, e.g., to generate higher
derivative invariants) than those which have so far been employed within the com-
ponent approaches [13, 14, 15, 16, 17, 18, 19, 20, 21, 22]. This will be demonstrated
below.
14.1 Composite primary multiplets and invariants
In section 6 we derived two gauge prepotentials for the abelian vector multiplet:
(i) the tropical prepotential V (v); and (ii) Mezincescu’s prepotential Vij. These con-
structions lead to two different procedures to generate composite vector multiplet
field strengths.
Associated with a composite weight-0 tropical multiplet V(v) is the following
primary real scalar
Wtropical ≡W [V] = −
i
16pi
∮
(v, dv)∇(−2)V(v) . (14.1)
It obeys the Bianchi identity (7.13). Thus we may think of Wtropical as the field
strength of a composite vector multiplet. An example is provided by
V =
H(2n)
[G(2)]n
, n = 1, 2, . . . , (14.2)
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for an arbitrary real O(2n) multiplet H(2n)(v) and an O(2) multiplet G(2)(v) such
that the scalar G defined by (7.25) is nowhere vanishing. The existence of the latter
is assumed in this section.
Associated with a composite real isovector superfield Vij with dimension −2 is
the following primary real scalar
WMezincescu ≡ W [Vij] = −
3i
40
∇ij∆
ijkl
Vkl . (14.3)
It obeys the Bianchi identity (7.13). As an example, we consider
Vij =
Gij
G5/3
. (14.4)
In section 7 we derived the unconstrained prepotential Ω for the O(2) multiplet.
This construction leads to a procedure to generate composite O(2) multiplets. Asso-
ciated with a composite primary dimensionless scalar N is the O(2) multiplet
G
(2) = vivjG
ij ≡ G(2)[N] = −
i
8
∆(4)∇(−2)N ⇐⇒ Gij = −
3i
40
∆ijkl∇klN . (14.5)
By construction, Gij obeys the constraint (6.57). An example is provided by
N =
(W αˆβˆWαˆβˆ
G2/3
)n
, (14.6)
for a positive integer n. Here Wαˆβˆ is the super Weyl tensor.
It is also possible to generate composite O(4 + n) multiplets by making use of
the prepotential construction (7.27), for any non-negative integer n. As an example,
consider the case of an even integer n = 2m. Given a composite O(4+2m) multiplet,
we can introduce a composite tropical multiplet of the form (14.2) and then make use
of the latter to generate the composite vector multiplet field strength (14.1).
As concerns the component approaches [13, 14, 15, 16, 17, 18, 19, 20, 21, 22], there
is essentially only one regular procedure (the vector-tensor embedding) to generate
composite primary multiplets. It is defined as follows: Given a composite vector
multiplet field strength W constrained by (7.13), the following superfield
H
ij
VM ≡ H
ij
VM[W] = i(∇
αˆ(i
W)∇j)αˆW+
i
2
W∇αˆ(i∇j)αˆW (14.7)
is a composite O(2) multiplet.
In addition, there exists the composite O(2) multiplet constructed by Hanaki,
Ohashi and Tachikawa [28] and associated with the Weyl multiplet.34 In superspace,
it is given in terms of the super Weyl tensor as in eq. (2.41).
34This O(2) multiplet was denoted Lij [W2] in [28].
91
We are in a position to generate supersymmetric invariants given primary compos-
ite multiplets. If the theory under consideration involves a dynamical vector multiplet,
which is described by a tropical prepotential V (v), and also possesses a composite
O(2) multiplet G(2), a supersymmetric BF invariant is generated by the Lagrangian
L(2)
G
= VG(2) . (14.8)
If the theory involves a dynamical O(2) multiplet, which is described by a prepotential
Ω, and possesses a composite vector multiplet field strength W, then we are able to
construct a supersymmetric invariant of the type (7.23) with the Lagrangian
LW = ΩW . (14.9)
More generally, the action principles (5.35) and (7.23) provide universal procedures
to generate supersymmetric invariants. For instance, supersymmetric R4+2n terms
may be realized as full superspace invariants (7.23) with
L =
(W αˆβˆWαˆβˆ)
2
G
(W [V]
G1/3
)n
, V :=
H
(2)
Weyl
G(2)
, n = 0, 1, . . . , (14.10)
where W [V] is defined by (14.1).
14.2 Composite vector multiplets
In this subsection we consider several examples of applying the rule (14.1) to
generate composite vector multiplets. Our results are inspired by the four-dimensional
analysis in [67]. Below we denote Wtropical simply as W.
Our first example is
V = log
( G(2)
iΥ(1)Υ˘(1)
)
, (14.11)
where Υ(1) is a weight-one arctic multiplet. The corresponding composite vector mul-
tiplet (14.1) has already appeared in (12.8). It constitutes the equation of motion for
the theory of a single O(2) multiplet coupled to conformal supergravity. Evaluating
the covariant derivatives gives
W = −
i
16pi
∮
(v, dv)
(∇(−2)G(2)
G(2)
−
(∇(−1)αˆG(2))∇(−1)αˆ G
(2)
(G(2))2
)
. (14.12)
The contour integral can be explicitly evaluated. To do so we make use of the identities
∇(−1)αˆ G
(2) = 2ϕ
(1)
αˆ = 2ϕ
i
αˆvi , (14.13a)
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∇(−2)G(2) = −4iF , (14.13b)
where we have introduced the descendant superfields (8.8). Then applying the inte-
gration identities of [67], we obtain
W = −
1
4pi
∮
C
(v, dv)
( F
G(2)
− i
ϕ(1)αˆϕ
(1)
αˆ
G(2)
)
=
1
4G
F −
i
8G3
ϕαˆiϕjαˆGij
=
i
48G
∇αˆi∇jαˆGij −
i
72G3
Gij(∇
αˆ
kG
ik)∇αˆlG
jl . (14.14)
From the S-supersymmetry transformations of ϕiαˆ and F ,
Siαˆϕ
j
βˆ
= −6εαˆβˆG
ij , SiαˆF = 6iϕ
i
αˆ , (14.15)
it is straightforward to explicitly check that W is primary.
It is an instructive exercise to show that the composite vector multiplet (14.14)
can also be rewritten in the following compact form
W =
i
16
G∇αˆi∇jαˆ
(Gij
G2
)
. (14.16)
This expression resembles the one in four dimensions [67]. The vector multiplet
(14.16) is actually well known. At the component level it was first derived by Zucker
[87], using a brute force approach, as an extension of the construction for the improved
N = 2 tensor multiplet in four dimensions [79].
As another example, we consider a composite tropical prepotential of the form
Vn =
H(2n)
[G(2)]n
, n = 1, 2, . . . , (14.17)
where H(2n) is an arbitrary O(2n) multiplet. The corresponding composite vector
multiplet
Wn = −
i
16pi
∮
C
(v, dv)∇(−2)
( H(2n)
(G(2))n
)
(14.18)
can be computed in complete analogy with the 4D N = 2 analysis in [67]. Evaluating
the covariant derivatives gives
Wn = −
i
16pi
∮
C
(v, dv)
(2n− 1
2n+ 1
h(2n−2)
(G(2))n
−
8n2
2n+ 1
Ψ(2n−1)ϕ(1)
(G(2))n+1
+ 4niH(2n)
F
(G(2))n+1
+ 4n(n + 1)H(2n)
ϕ(1)ϕ(1)
(G(2))n+2
)
, (14.19)
where we made use of the identities (14.13) and
∇−αˆH
(2n) =
2n
2n+ 1
Ψ
(2n−1)
αˆ , (14.20a)
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∇(−2)H(2n) =
2n− 1
2n+ 1
h2n−2 , (14.20b)
with
Ψ
(2n−1)
αˆ = ∇αˆkH
ki1···i2n−1vi1 · · · vi2n−1 , (14.21)
h(2n−2) = ∇klH
kli1···i2n−2vi1 · · · vi2n−2 . (14.22)
Making use of the integration results of [67] gives
Wn =
i(2n)!
22n+2(n!)2
( n
2(2n+ 1)
hi1···i2n−2G(i1i2 · · ·Gi2n−3i2n−2)
G2n−1
−
2n2
2n+ 1
Ψi1···i2n−1ϕi2nG(i1i2 · · ·Gi2n−1i2n)
G2n+1
+in
Fhi1···i2nG(i1i2 · · ·Gi2n−1i2n)
G2n+1
+n(2n+ 1)
hi1···i2nϕi2n+1ϕi2n+2G(i1i2 · · ·Gi2n+1i2n+2)
Gn+3
)
. (14.23)
It turns out the above complex expression may be cast in the following simpler form
Wn =
i(2n)!
22n+3(n + 1)!(n− 1)!
G∇ijRn
ij , (14.24a)
where
Rn
ij =
(
δikδ
j
l −
1
2G2
GijGkl
)Hkli1···i2n−2G(i1i2 · · ·Gi2n−3i2n−2)
G(2n)
. (14.24b)
The composite vector multiplets (14.24) are new for n > 1. The choice n = 1 is a
special case in the family of composite tropical prepotentials of the form
V = F
(
H
(2)
A
)
, A = 1, . . . , m , (14.25)
where F(zA) is a homogeneous function of degree zero, F(λzA) = F(zA), and H
(2)
A
are O(2) multiplets, A = 1, . . . , m. The composite vector multiplet associated with
(14.25) can be computed in complete analogy with the 4D N = 2 analysis in [67] (the
latter analysis was inspired by [88]).
14.3 Ricci squared O(2) multiplet
As discussed above, associated with the super Weyl tensor is the O(2) multiplet
(2.41). In this subsection we discover one more O(2) multiplet associated with the
supergravity dynamical variables. Our analysis is inspired by the construction of
chiral invariants in 4D N = 2 supergravity presented in [48].
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In section 7.1 we constructed the prepotential formulation for the O(2) multiplet
such that the prepotential is a primary dimensionless real scalar Ω. It turns out that
this construction can be generalized by replacing Ω with log Φ defined in terms of a
primary nowhere vanishing real scalar Φ of dimension q:
Siαˆ log Φ = 0 , D log Φ = q . (14.26)
Let us consider the superfield
G(2)[log Φ] = −
i
8
∆(4)∇(−2) log Φ = −
3i
40
vivj∆
ijkl∇kl log Φ . (14.27)
It follows that G(2)[log Φ] is analytic, ∇(1)αˆ G
(2)[log Φ] = 0, and of dimension 3. As
demonstrated in section 7.1, the superfield G(2) := G(2)[Ω] defined by (7.5) is primary
SiαˆG
(2) = 0. We observe that exactly the same derivation holds for G(2)[log Φ]. Indeed,
in the case of G(2) we used the fact that DΩ = 0. In computing SiαˆG
(2)[log Φ], there
may be extra terms due to the fact that D log Φ = q 6= 0. But it can be checked that
all these terms are actually annihilated by some operator acting on the constant q.
Since SiαˆG
(2)[log Φ] = 0, we conclude that G(2)[log Φ] is also an O(2) multiplet.
The reason why G(2)[log Φ] is of interest can be made clear once we consider the
degauged versions of (7.5) and (14.27). It is a straightforward, although tedious,
exercise to apply the degauging procedure of section 3 in order to express (7.5) and
(14.27) in SU(2) superspace. Let us denote by G(2) = O(2)6 Ω = vivjO
ij
6 Ω the degauged
version of (7.5). Here the sixth-order differential operator Oij6 = O
ji
6 is constructed
only in terms of DAˆ, Maˆbˆ, J
ij and the torsion tensors of SU(2) superspace. It can be
obtained by iteratively degauging the six ∇-derivatives while moving to the right the
Siαˆ, Kaˆ and D operators to use S
i
αˆΩ = KaˆΩ = DΩ = 0. For the scope of this paper we
do not need the explicit expression for Oij6 . Since G
(2) is an O(2) multiplet, it holds
by construction that D(1)αˆ O
(2)
6 Ω = 0 .
The result of degauging G(2)[log Φ], which we denote G(2)[log Φ], is more inter-
esting. A straightforward but somewhat lengthy calculation leads to the following
relation
G(2)[log Φ] = O(2)6 log Φ− q H
(2)
Ric . (14.28)
The superfield H
(2)
Ric encodes all the contributions that arise from using D log Φ = q
and is given by
H
(2)
Ric = −
i
128
{
D(2)D(2)F(−2)αˆαˆ − 12D
(2)
(
F(0)αˆαˆF
(0)βˆ
βˆ
)
+ 12D(2)
(
F(0)αˆβˆF
(0)
αˆβˆ
)
+ 12
(
3(D(1)αˆF(0)αˆ
[βˆ)εγˆδˆ] + i(Γaˆ)
βˆγˆF(1)δˆ aˆ
)(
D(1)
βˆ
F
(0)
γˆδˆ
− i(Γbˆ)γˆδˆF
(1)
βˆbˆ
)
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− 12
(
3F(0)αˆ[βˆεγˆδˆ] + F(0)δˆαˆεβˆγˆ
)
D(1)αˆ
(
D(1)
βˆ
F
(0)
γˆδˆ
− i(Γbˆ)γˆδˆF
(1)
βˆbˆ
)
+ 8D(2)(F(2)αˆαˆF
(−2)βˆ
βˆ) + 4D
(1)αˆ
(
F(2)αˆ
βˆD(1)
βˆ
F(−2)γˆ γˆ − 6i(Γ
aˆ)βˆγˆF
(1)
αˆaˆF
(0)
βˆγˆ
)
+ 16F(2)αˆβˆ
(
− 2F(2)
αˆβˆ
F(−2)γˆ γˆ + 6F
(0)
αˆβˆ
F(0) γˆ γˆ − 3F
(0)
αˆ
γˆF
(0)
βˆγˆ
+ 3F(0)γˆ αˆF
(0)
γˆβˆ
+ 12F(0)αˆ
γˆF
(0)
γˆβˆ
)
+ 16F(2)αˆαˆ
(
2F(2)βˆ βˆF
(−2) γˆ
γˆ + 3F
(0)βˆγˆF
(0)
βˆγˆ
− 3F(0)βˆ βˆF
(0)γˆ
γˆ
)}
. (14.29)
Here we have introduced the following superfields:
F
(2)
αˆβˆ
:= vivjF
i
αˆ
j
βˆ
, F
(0)
αˆβˆ
:=
viuj
(v, u)
Fiαˆ
j
βˆ
, F
(−2)
αˆβˆ
:=
uiuj
(v, u)2
Fiαˆ
j
βˆ
, (14.30a)
F (1)
αˆβˆγˆ
:= D(1)αˆ F
(0)
βˆγˆ
− i(Γbˆ)βˆγˆF
(1)
αˆbˆ
. (14.30b)
What is remarkable about (14.28) is that by construction H
(2)
Ric is a composite O(2)
multiplet35 constructed only in terms of the curvature tensors of SU(2) superspace; it
is completely independent of log Φ. As will be discussed in the next two subsections,
G(2)[log Φ] gives rise to a supersymmetric extension of the Ricci squared action.
By construction, H
(2)
Ric is independent of ui and can be represented in the form
H
(2)
Ric = vivjH
ij
Ric. From (14.29) we deduce
H ijRic = −
i
128
{3
5
D(ijDkl)Fαˆk αˆl −
36
5
D(ij
(
FαˆkαˆkF
βˆl)
βˆl
)
+
24
5
D(ij(Fαˆkl)αˆF
βˆ
k βˆl)
+
36
5
D(ij
(
FαˆkβˆkF
l)
αˆ βˆl
)
+ 6Dαˆ(i
(2
5
Fjαˆ
βˆkDl)
βˆ
Fγˆk γˆl − 3i(Γ
aˆ)βˆγˆFjαˆaˆF
k)
βˆ γˆk
)
+ 27(Dαˆ(iFjαˆ
[βˆ
k )ε
γˆδˆ]
(4
5
Dk
βˆ
F
l)
γˆ δˆl − iF
k)
βˆ bˆ
(Γbˆ)γˆδˆ
)
+ 9
(
3Fαˆ(i
[βˆ
k ε
γˆδˆ] + Fδˆ(iαˆkε
βˆγˆ
)(
iDjαˆF
k)
βˆ bˆ
(Γbˆ)γˆδˆ −
4
5
DjαˆD
k
βˆ
F
l)
γˆ δˆl
)
+ 9i(Γaˆ)
βˆγˆFδˆ(iaˆDj
βˆ
F
k)
γˆ δˆk − 12(Γaˆ)βˆ
γˆ(Γbˆ)γˆδˆF
δˆ(iaˆFβˆj)bˆ
+
48
5
Fαˆ(iβˆj
(
6FkαˆβˆkF
γˆl)
γˆl − 2F
k
αˆ
l)
βˆ
Fγˆk γˆl − 3F
k
αˆ
γˆ
kF
l)
βˆ γˆl
+ 3FγˆkαˆkF
l)
γˆ βˆl + 12F
k
αˆ
γˆ
kF
l)
γˆ βˆl
)
+
48
5
Fαˆ(ijαˆ
(
2Fβˆk
l)
βˆ
Fγˆk γˆl + 3F
βˆkγˆ
kF
l)
βˆ γˆl
− 3FβˆkβˆkF
γˆl)
γˆl
)}
. (14.31)
On the other hand, the condition that the expression (14.29) is independent of ui
gives the constraints
0 = D(ijDklFαˆpq)αˆ − 4D
(ij
(
FαˆklαˆF
βˆpq)
βˆ
)
+ 12D(ij
(
FαˆkβˆlFpαˆ
q)
βˆ
)
+4Dαˆ(i
(
Fjαˆ
βˆkDl
βˆ
Fγˆp
q)
γˆ
)
+ 36(Dαˆ(iFjαˆ
[βˆk)εγˆδˆ]Dl
βˆ
Fpγˆ
q)
δˆ
35It should be pointed out that H
(2)
Ric is a non-primary O(2) multiplet, since its super Weyl trans-
formation law is inhomogeneous.
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−12
(
3Fαˆ(i[βˆjεγˆδˆ] + Fδˆ(iαˆjεβˆγˆ
)
DkαˆD
l
βˆ
Fpγˆ
q)
δˆ
+16
(
7Fαˆ(iβˆjFkαˆ
l
βˆ
Fγˆp
q)
γˆ − F
αˆ(ij
αˆF
βˆkl
βˆ
Fγˆp
q)
γˆ + 12F
αˆ(iβˆjFkαˆ
γˆlFpγˆ
q)
βˆ
)
(14.32a)
and
0 =
5
3
D(ijDklFαˆp)αˆp −
20
3
D(ij(FαˆklαˆF
βˆp)
βˆp) + 20D
(ij
(
FαˆkβˆlF
p)
αˆ βˆp
)
+4Dαˆ(i
(5
3
Fjαˆ
βˆkDl
βˆ
Fγˆp)γˆp − 6i(Γ
aˆ)βˆγˆFjαˆaˆF
k
βˆ
l)
γˆ
)
+6(Dαˆ(iFjαˆ
[βˆk)εγˆδˆ]
(
5Dl
βˆ
F
p)
γˆ δˆp − 6iF
l)
βˆ bˆ
(Γbˆ)γˆδˆ
)
+ 30(Dαˆ(iFjαˆ
[βˆ
p )ε
γˆδˆ]Dk
βˆ
Flγˆ
p)
δˆ
+2
(
3Fαˆ(i[βˆjεγˆδˆ] + Fδˆ(iαˆjεβˆγˆ
)(
6iDkαˆF
l)
βˆ bˆ
(Γbˆ)γˆδˆ − 5D
k
αˆD
l
βˆ
F
p)
γˆ δˆp
)
−10
(
3Fαˆ(i[βˆp ε
γˆδˆ] + Fδˆ(iαˆp ε
βˆγˆ
)
DjαˆD
k
βˆ
Flγˆ
p)
δˆ
+ 12i(Γaˆ)
βˆγˆFδˆ(iaˆDj
βˆ
Fkγˆ
l)
δˆ
+
80
3
Fαˆ(iβˆj
(
Fkαˆ
l
βˆ
Fγˆp)γˆp + 3F
k
αˆβˆpF
γˆlp)
γˆ − 9F
k
αˆ
γˆlF
p)
βˆ γˆp
+ 3Fkαˆ
γˆlF
p)
γˆ βˆp
)
+
80
3
Fαˆ(ijαˆ
(
3FβˆkγˆlF
p)
βˆ γˆp
− Fβˆkl
βˆ
Fγˆp)γˆp
)
, (14.32b)
which have to be satisfied identically.
14.4 Supersymmetric R2 invariants
Supersymmetric extensions of the R2 terms may be realized using the BF action
principle (8.1), in which the tropical prepotential corresponds to the vector multiplet
compensator. There are three invariants associated with the Lagrangians
L(2)Weyl = V H
(2)
Weyl , (14.33a)
L(2)Ric = −V G
(2)[logW ] , (14.33b)
L(2)scal = V H
(2)
VM[W] , W =
i
16
G∇αˆi∇jαˆ
(Gij
G2
)
. (14.33c)
The supersymmetric invariants associated with (14.33a) and (14.33c) are known in
the literature [28, 29, 30, 31]. At the component level, they generate the Weyl tensor
squared and scalar curvature squared terms, respectively. The invariant associated
with (14.33b) is new. At the component level, it turns out to generate the Ricci
tensor squared term. In order to achieve a better understanding of this invariant, it
is useful to consider a special case when the vector multiplet compensator W obeys
the equation (13.2). As discussed in section 13.1, this case corresponds to the dilaton
Weyl multiplet.
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14.5 The supersymmetric Ricci squared term and the dilaton
Weyl multiplet
When dealing with the vector multiplet compensator, it is often convenient to
impose the gauge condition (3.2) which fixes the local special conformal symmetry
and eliminates the dilatation connection entirely, thus leading us to SU(2) superspace.
In addition, the local dilatation symmetry can also be fixed by making the gauge
choice
W = 1 . (14.34)
We recall that the Bianchi identity for the vector multiplet (2.49) takes the fol-
lowing form in SU(2) superspace [25]
D(iαˆD
j)
βˆ
W −
1
4
εαˆβˆD
γˆ(iDj)γˆ W =
i
2
Cαˆβˆ
ijW . (14.35)
Then choosing the gauge condition (14.34) gives
Caˆ
ij = 0 . (14.36a)
We also recall that the equation of motion for the vector multiplet (13.2) turns into
(13.3) in SU(2) superspace. Then imposing the gauge condition (14.34) gives
Sij = 0 . (14.36b)
Under the conditions (14.36), the algebra of covariant derivatives in SU(2) super-
space simplifies drastically. In particular, the anti-commutator of two spinor covariant
derivatives becomes
{Diαˆ,D
j
βˆ
} = −2iεijDαˆβˆ − iεαˆβˆε
ij(W cˆdˆ + Y cˆdˆ)Mcˆdˆ +
i
2
εijεaˆbˆcˆdˆeˆ(Γaˆ)αˆβˆYbˆcˆMdˆeˆ
−12iYαˆβˆJ
ij , (14.37)
where Waˆbˆ and Yaˆbˆ satisfy the Bianchi identities
DkγˆWaˆbˆ = Waˆbˆγˆ
k −
5
2
(Σaˆbˆ)γˆ
δˆYk
δˆ
, (14.38a)
DkγˆYaˆbˆ = 2(Γ[aˆ)γˆ
δˆYbˆ]δˆ
k + (Σaˆbˆ)γˆ
δˆYk
δˆ
. (14.38b)
Using the Bianchi identities, at dimension 2 we find the relations
D(iαˆD
j)
βˆ
Waˆbˆ =
5
2
εαˆβˆ(Σaˆbˆ)
γˆδˆD(iγˆ Y
j)
δˆ
−
5
8
εaˆbˆcˆdˆeˆ(Γ
eˆ)αˆβˆ(Σ
cˆdˆ)δˆρˆD(i
δˆ
Yj)ρˆ , (14.39a)
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D(iαˆD
j)
βˆ
Yaˆbˆ =
5
4
εαˆβˆ(Σaˆbˆ)
γˆδˆD(iγˆ Y
j)
δˆ
+
5
8
εaˆbˆcˆdˆeˆ(Γ
eˆ)αˆβˆ(Σ
cˆdˆ)γˆδˆD(iγˆ Y
j)
δˆ
. (14.39b)
Furthermore, at dimension 5/2 we derive
D(iαˆD
jk)Yaˆbˆ = 0 , D
(i
αˆD
jk)Waˆbˆ = 0 . (14.40)
It can also be seen that the bivector Xaˆbˆ := Yaˆbˆ +Waˆbˆ satisfies
D(iαˆD
j)
βˆ
Xaˆbˆ =
1
4
εαˆβˆD
ijXaˆbˆ . (14.41)
This relation is reminiscent of the Bianchi identity for the vector multiplet, eq. (2.49).
In the remainder of this section, we will refer to the superspace geometry described
as dilaton SU(2) superspace.
In the dilaton SU(2) superspace, the expressions (14.28) and (14.29) for the O(2)
multiplet on the right of (14.33b) proves to simplify drastically and takes the form:
− G(2)[logW ] = H(2)Ric =
15i
8
{
Y αˆβˆD(1)αˆ Y
(1)
βˆ
−
2
5
Y (1)aˆαˆY (1)aˆαˆ −
1
2
Y (1)αˆY (1)αˆ
}
. (14.42)
It is now easy to check that the constraints (14.32) are identically satisfied. Now
we are going to show that H
(2)
Ric can be represented as a linear combination of two
different O(2) multiplets.
First of all, let us consider the Weyl squared O(2) multiplet (2.41). In the dilaton
SU(2) superspace it may be rewritten as
H
(2)
Weyl = −
15i
4
{
W αˆβˆD(1)αˆ Y
(1)
βˆ
+
1
15
W (1)aˆbˆαˆW
(1)
aˆbˆαˆ
+
5
4
Y (1)αˆY (1)αˆ
}
. (14.43)
For the dilaton Weyl multiplet, the BF Lagrangian (14.33a) generates a supersym-
metric extension of the (Caˆbˆcˆdˆ)
2 + 1
6
R2 Lagrangian of [28, 30, 31].
A remarkable feature of the dilaton SU(2) superspace is that the relations (14.40)
and (14.41) imply the existence of one more O(2) multiplet. It is
H
(2)
Riem :=
i
4
{
X aˆbˆD(2)Xaˆbˆ + 2(D
(1)αˆX aˆbˆ)D(1)αˆ Xaˆbˆ
}
, (14.44a)
=
15i
2
{
X γˆδˆD(iγˆ Yδˆ
j) +
1
15
W (1)aˆbˆγˆW
(1)
aˆbˆγˆ
−
2
5
Y (1)aˆαˆY (1)aˆαˆ +
3
4
Y (1)αˆY (1)αˆ
}
. (14.44b)
One may check that D(1)αˆ H
(2)
Riem = 0. The structure of H
(2)
Riem resembles the composite
O(2) multiplet built from a vector multiplet, eq. (14.7). It turns out that the O(2)
multiplet (14.44) generates the supersymmetric extension of the Riemann squared
term, (Raˆbˆcˆdˆ)
2, constructed in [29]. The construction of [29] was based on a map
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between the dilaton Weyl multiplet and the vector multiplet applied to the non-
abelian Chern-Simons action.
From the relations (14.42) – (14.44) we deduce
− G(2)[logW ] =
1
2
H
(2)
Weyl +
1
4
H
(2)
Riem . (14.45)
The important point is that the construction of [29] and related works [30, 31] is
defined only for the dilaton Weyl multiplet. Our Ricci squared O(2) multiplet
−G(2)[logW ], eq. (14.27), and the corresponding supersymmetric invariant gener-
ated by (14.33b) makes use of the standard Weyl multiplet coupled to the off-shell
vector multiplet compensator. Eq. (14.45) allows us to define H
(2)
Riem for the standard
Weyl multiplet coupled to the off-shell vector multiplet compensator:
H
(2)
Riem = −4
(
G(2)[logW ] +
1
2
H
(2)
Weyl
)
. (14.46)
15 Concluding remarks
The conformal superspace formalism in five dimensions presented in this work
combines the powerful features of the SU(2) superspace approach [25] and the su-
perconformal tensor calculus [18, 19, 20, 21]. Using this formalism we have repro-
duced practically all off-shell constructions derived so far. Most importantly, since
the superspace setting offers more general off-shell multiplets than those employed
in [18, 19, 20, 21], we have developed novel tools to construct composite primary
multiplets and, as a consequence, to generate new higher-order off-shell invariants
in supergravity. In addition to full superspace integrals, we have introduced gen-
eral techniques to build composite O(2) and vector multiplets, which in turn can be
used in the universal BF action. One particular example is the Ricci squared O(2)
multiplet constructed in section 14.3.36
Prior to this paper, the superconformal tensor calculus was used to construct
supersymmetric completions of R2 terms. Hanaki, Ohashi and Tachikawa [28] con-
structed the supersymmetric Weyl tensor squared term, while Ozkan and Pang [31]
constructed the supersymmetric scalar curvature squared term. These invariants are
generated by the Lagrangians (14.33a) and (14.33c) respectively. An important fea-
ture of these invariants is that they make use of the standard Weyl multiplet coupled
36The construction of the Ricci squared O(2) multiplet is analogous to that of the nonlinear kinetic
multiplet presented in [48].
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to one or two conformal compensators, one of which is always the vector multi-
plet. Choosing the vector multiplet to be on-shell leads one to a formulation in the
dilaton Weyl multiplet. As concerns a supersymmetric completion of the Riemann
squared term, it was constructed by Bergshoeff, Rosseel and Sezgin [29] only in the
dilaton Weyl multiplet realization. However, a description of the supersymmetric
Riemann squared action in the standard Weyl multiplet was completely unknown.
Our paper has solved this problem with the use of the O(2) multiplet G(2)[logW ],
eq. (14.27), which describes a supersymmetric Ricci squared invariant using the La-
grangian (14.33b). This invariant completes the description of the supersymmetric
R2 invariants within the standard Weyl multiplet. In particular, the analogue of the
supersymmetric Riemann squared action constructed in [29] is generated by (14.46).
We hope to elaborate further the component structure of the action generated by the
Lagrangian (14.33b) in another publication.
The main virtue of the SU(2) superspace approach [25] and its extension given
in our paper is that it offers off-shell descriptions for the most general supergravity-
matter systems. Here we briefly comment on such off-shell descriptions. In section
12, we discussed the two-derivative supergravity action, corresponding to an O(2)
multiplet and an abelian vector multiplet compensator. It is easy to generalize this
to include off-shell hypermultiplets. One takes the same approach as in four dimen-
sions [81] and adds to the pure supergravity Lagrangian (12.1) a sigma model term37
resulting in
L(2)linear =
1
4
V H
(2)
VM +G
(2) ln
G(2)
iΥ(1)Υ˘(1)
+ κV G(2) +
1
2
G(2)K(Υ, Υ˘) , (15.1)
whereK(Υ, Υ˘) depends on n weight-zero arctic multiplets ΥI and their smile-conjugate
antarctic multiplets Υ˘I¯ . Here K(ϕI , ϕ¯I¯) is chosen to be a real analytic function of
n ordinary complex variables ϕI and their conjugates. The action generated by the
Lagrangian (15.1) proves to be invariant under the Ka¨hler transformations
K → K + Λ(Υ) + Λ¯(Υ˘) (15.2)
in accordance with eq. (7.17). This permits the identification of K as the Ka¨hler
potential of a 2n-dimensional Ka¨hler manifold M2n.
The Lagrangian (15.1) is reminiscent of the general 4D N = 1 new minimal
supergravity-matter Lagrangian, which similarly involves a linear multiplet compen-
sator coupled to a matter sector described by a Ka¨hler potential, see [62] for a review.
37The normalization of (15.1) is chosen so that in the super Weyl gauge G = 1, it reproduces a
canonically normalized sigma model.
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As in that situation, it is possible here to perform a duality transformation exchang-
ing G(2) for a weight-one arctic multiplet Υ(1) and its smile-conjugate antarctic Υ˘(1).
The analogous consideration in the case of 4D N = 2 supergravity was given in [81].
Following [81], the Lagrangian dual to (15.1) is
L(2)hyper =
1
4
V H
(2)
VM − 2iΥ˘
(1)e−κV−
1
2
K(Υ,Υ˘)Υ(1) . (15.3)
Here the compensator Υ(1) is charged under the U(1) gauge group and transforms
under the Ka¨hler transformations (15.2) as Υ(1) → eΛ/2Υ(1).
This supergravity-matter system may equivalently be described in terms of (n+1)
weight-one arctic multiplets Υ(1)I and their conjugates Υ˘(1)I¯ defined by Υ(1)I = Υ(1)×
(1,ΥI) for I = 0, · · · , n. The corresponding Lagrangian is
L(2)hyper =
1
4
V H
(2)
VM − 2i e
−κVK(Υ(1), Υ˘(1)) . (15.4a)
Here K(Υ(1), Υ˘(1)) obeys the homogeneity conditions
Υ(1)I
∂
∂Υ(1)I
K = K , Υ˘(1)I¯
∂
∂Υ˘(1)I¯
K = K . (15.4b)
In addition, K(ϕI , ϕ¯I¯) is required to be real as a function of (n+1) ordinary complex
variables ϕI and their conjugates. Moreover, the action generated by the Lagrangian
(15.4a) is invariant under the gauge transformations
δV = λ+ λ˘ , δΥ(1)I = κλΥ(1)I , (15.5)
with the gauge parameter λ being an arbitrary weight-zero arctic multiplet.
The Lagrangian (15.1) and each of its dual versions, (15.3) and (15.4), actually
describes a large class of 4n-dimensional quaternion-Ka¨hler sigma models that admit
a maximal 2n-dimensional Ka¨hler submanifold with Ka¨hler potential K [89]. These
sigma models also automatically possess a quaternionic U(1) isometry. To see this
latter feature, one observes that the Lagrangian (15.1) describes a superconformal
sigma model coupling the linear multiplet G(2) to the n weight-zero polar multiplets.
When the three-form in the linear multiplet is dualized, the resulting scalar manifold
is a hyperka¨hler cone with a triholomorphic U(1) isometry. When G(2) is gauge-fixed,
the (4n + 4)-dimensional hyperka¨hler cone becomes a 4n-dimensional quaternion-
Ka¨hler space, and the triholomorphic isometry descends to a quaternionic one.38
38The link between triholomorphic isometries on the hyperka¨hler cone (or Swann bundle) and
quaternionic isometries on the quaternion-Ka¨hler space is known from the mathematics literature
[90]. It was discussed in a physics context in [91].
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The most general 4n-dimensional quaternion-Ka¨hler sigma model is described
by a very similar supergravity-matter Lagrangian (for simplicity we switch off the
cosmological constant)
L(2)hyper =
1
4
V H
(2)
VM − 2F(Υ
(1), Υ˘(1)) , (15.6)
where F(Υ(1), Υ˘(1)) obeys the homogeneity condition(
Υ(1)I
∂
∂Υ(1)I
+ Υ˘(1)I¯
∂
∂Υ˘(1)I¯
)
F = 2F . (15.7)
The dynamical system defined by eqs. (15.4a) and (15.4b) with κ = 0 is a special
case of the system under consideration. In the flat superspace limit, the Lagrangian
L(2) = F(Υ(1), Υ˘(1)) describes the most general superconformal sigma model, with
its target space being an arbitrary hyperka¨hler cone. If the stronger homogeneity
conditions (15.4b) hold, then the corresponding hyperka¨hler cone possesses a triholo-
morphic isometry, which is associated with the rigid U(1) symmetry of the superfield
Lagrangian Υ(1)I → eiϕΥ(1)I , with ϕ ∈ R. Similar issues have been discussed in the
case of the (3,0) supersymmetric sigma models in AdS3 [92].
The Lagrangian (15.6) can be generalized to include additional abelian vector
multiplets in a straightforward way,
L(2) =
1
4
CabcV
aH(2)bc − 2F(Υ(1), Υ˘(1)) ,
H(2)ab := i (∇(1)αˆW a)∇(1)αˆ W
b +
i
2
W (a∇(1)αˆ∇(1)αˆ W
b) , (15.8)
for real constants Cabc = C(abc), as is well-known from the component literature. The
numerical factors chosen in front of the two terms in (15.8) ensure that the Weyl
multiplet equation of motion and the canonical Weyl gauge are respectively given by
C(W ) := CabcW
aW bW c = K , C(W ) = 1 , (15.9)
where K is the hyperka¨hler potential constructed from F .39 The component reduction
of the vector multiplet Lagrangian in (15.8) can be derived from the general result for
the non-abelian vector multiplet action given in section 10. The component reduction
of the hypermultiplet sigma model can be carried out similarly to the 4D N = 2 case
worked out in [93].
The SU(2) superspace approach to 5D conformal supergravity coupled to general
matter systems [25] has been extended to locally supersymmetric theories in diverse
39Our conventions for relating the hyperka¨hler potential to the Lagrangian F are the same as in
[93]. There the potential was denoted K.
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dimensions: 4D N = 2 supergravity [45], 2D N = (4, 4) supergravity [94], 3D N = 3
and N = 4 supergravity theories [95], and 6D N = (1, 0) supergravity [96]. In four
dimensions, N = 2 conformal superspace was formulated in [38], see also [53]. In
three dimensions, N -extended conformal superspace was described in [39]. Interest-
ing open problems are to develop conformal superspace settings in other cases such
as the 2D N = (4, 4) and 6D N = (1, 0) ones.
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A Notation and conventions
Throughout the paper we follow the 5D notation and conventions in [2]. We
summarize them here and include a number of useful identities.
The 5D gamma-matrices Γaˆ = (Γa,Γ5), with a = 0, 1, 2, 3, are defined by
{Γaˆ,Γbˆ} = −2ηaˆbˆ1 , (Γaˆ)
† = Γ0ΓaˆΓ0 , (A.1)
where the Minkowski metric is
ηaˆbˆ = diag(−1, 1, 1, 1, 1) . (A.2)
We may choose a representation in which the gamma-matrices take the form [60, 62]
(Γa)αˆ
βˆ =
(
0 (σa)αβ˙
(σ˜a)
α˙β 0
)
, (Γ5)αˆ
βˆ =
(
−iδβα 0
0 iδα˙
β˙
)
(A.3)
and Γ0Γ1Γ2Γ3Γ5 = 1. The charge conjugation matrix, C = (ε
αˆβˆ), and its inverse,
C−1 = C† = (εαˆβˆ) are defined by
CΓaˆC
−1 = (Γaˆ)
T , εαˆβˆ =
(
εαβ 0
0 −εα˙β˙
)
, εαˆβˆ =
(
εαβ 0
0 −εα˙β˙
)
, (A.4)
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where εαˆβˆ and εαˆβˆ are antisymmetric tensors which are used to raise and lower the
four-component spinor indices.
A Dirac spinor, Ψ = (Ψαˆ), and its Dirac conjugate, Ψ¯ = (Ψ¯
αˆ) = Ψ†Γ0, decompose
into two-component spinors as follows
Ψαˆ =
(
ψα
φ¯α˙
)
, Ψ¯αˆ =
(
φα, ψ¯α˙
)
. (A.5)
One can combine Ψ¯αˆ = (φα, ψ¯α˙) and Ψ
αˆ = εαˆβˆΨβˆ = (ψ
α,−φ¯α˙) into a SU(2) doublet,
Ψαˆi = (Ψ
α
i ,−Ψ¯α˙i) , (Ψ
α
i ) = Ψ¯
α˙i , i = 1, 2 , (A.6)
with Ψα1 = φ
α and Ψα2 = ψ
α. It is understood that the SU(2) indices are raised and
lowered by εij and εij, ε
12 = ε21 = 1, in the standard fashion: Ψ
αˆi = εijΨαˆj . The
Dirac spinor Ψi = (Ψiαˆ) satisfies the pseudo-Majorana reality condition Ψ¯i
T = CΨi.
This can be concisely written as
(Ψiαˆ)
∗ = Ψαˆi . (A.7)
In defining products of spinors, we occasionally suppress spinor indices. In such cases,
the spinor indices should be understood as contracted from top left to bottom right;
that is, given χαˆ and Ψαˆ, we define
χΨ := χαˆΨαˆ , χΓ
aˆΨ := χαˆ(Γaˆ)αˆ
βˆΨβˆ , χΓ
aˆΓbˆΨ := χαˆ(Γaˆ)αˆ
βˆ(Γbˆ)βˆ
γˆΨγˆ , (A.8)
and so forth.
With the definition Σaˆbˆ = −Σbˆaˆ = −
1
4
[Γaˆ,Γbˆ], the matrices {1,Γaˆ,Σaˆbˆ} form a
basis in the space of 4× 4 matrices. The matrices εαˆβˆ and (Γaˆ)αˆβˆ are antisymmetric
(with εαˆβˆ(Γaˆ)αˆβˆ = 0), while the matrices (Σaˆbˆ)αˆβˆ are symmetric.
It is useful to write explicitly the 4D reduction of these matrices
(Γa)αˆβˆ =
(
0 −(σa)αβ˙
(σa)β
α˙ 0
)
, (Γ5)αˆβˆ =
(
iεαβ 0
0 iεα˙β˙
)
, (A.9)
(Σab)αˆ
βˆ =
(
(σab)α
β 0
0 (σ˜ab)
α˙
β˙
)
, (Σa5)αˆ
βˆ =
(
0 − i
2
(σa)αβ˙
i
2
(σ˜a)
α˙β 0
)
, (A.10)
(Σab)αˆβˆ =
(
(σab)αβ 0
0 −(σ˜ab)α˙β˙
)
, (Σa5)αˆβˆ =
(
0 i
2
(σa)α
β˙
i
2
(σa)β
α˙ 0
)
, (A.11)
where (σab)α
β = −1
4
(σaσ˜b − σbσ˜a)αβ and (σ˜ab)α˙β˙ = −
1
4
(σ˜aσb − σ˜bσa)α˙β˙ .
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A 5-vector V aˆ and an antisymmetric tensor F aˆbˆ = −F bˆaˆ can be equivalently
represented as the bi-spinors V = V aˆΓaˆ and F =
1
2
F aˆbˆΣaˆbˆ respectively with the
following symmetry properties
Vαˆβˆ = −Vβˆαˆ , ε
αˆβˆVαˆβˆ = 0 , Fαˆβˆ = Fβˆαˆ . (A.12)
The equivalent descriptions of Vaˆ and Faˆbˆ by Vαˆβˆ and Fαˆβˆ are explicitly related as
follows:
Vαˆβˆ = V
aˆ(Γaˆ)αˆβˆ , Vaˆ = −
1
4
(Γaˆ)
αˆβˆVαˆβˆ , (A.13a)
Fαˆβˆ =
1
2
F aˆbˆ(Σaˆbˆ)αˆβˆ , Faˆbˆ = (Σaˆbˆ)
αˆβˆFαˆβˆ . (A.13b)
This means that we may decompose an arbitrary tensor with two spinor indices, Tαˆβˆ,
as follows
Tαˆβˆ =
1
2
(Σaˆbˆ)αˆβˆ(Σaˆbˆ)
γˆδˆTγˆδˆ −
1
4
(
(Γaˆ)αˆβˆ(Γaˆ)
γˆδˆ + εαˆβˆε
γˆδˆ
)
Tγˆδˆ . (A.14)
These results may be checked using the identities
εαˆβˆγˆδˆ = εαˆβˆεγˆδˆ + εαˆγˆεδˆβˆ + εαˆδˆεβˆγˆ
=
1
2
(Γaˆ)αˆβˆ(Γaˆ)γˆδˆ +
1
2
εαˆβˆεγˆδˆ , (A.15)
where εαˆβˆγˆδˆ is the completely antisymmetric fourth-rank tensor.
The conjugation rules give
(εαˆβˆ)
∗ = −εαˆβˆ , (Vαˆβˆ)
∗ = V αˆβˆ , (Fαˆβˆ)
∗ = F αˆβˆ , (A.16)
provided V aˆ and F aˆbˆ are real.
One can derive a number of identities involving the contraction of vector indices.
These are listed below:
(Γaˆ)αˆβˆ(Γaˆ)γˆδˆ = εαˆβˆεγˆδˆ − 2εαˆγˆεβˆδˆ + 2εαˆδˆεβˆγˆ , (A.17a)
(Σaˆbˆ)αˆβˆ(Γ
bˆ)γˆδˆ =
1
2
(
(Γaˆ)αˆδˆεβˆγˆ − (Γaˆ)αˆγˆεβˆδˆ + (Γaˆ)βˆδˆεαˆγˆ − (Γaˆ)βˆγˆεαˆδˆ
)
, (A.17b)
(Σaˆbˆ)αˆβˆ(Σaˆbˆ)γˆδˆ = εαˆγˆεβˆδˆ + εαˆδˆεβˆγˆ , (A.17c)
εaˆbˆcˆdˆeˆ(Γ
cˆ)αˆβˆ(Σ
dˆeˆ)γˆδˆ = 2εαˆβˆ(Σaˆbˆ)γˆδˆ + 2εγˆαˆ(Σaˆbˆ)βˆδˆ + 2εδˆαˆ(Σaˆbˆ)βˆγˆ
− 2εγˆβˆ(Σaˆbˆ)αˆδˆ − 2εδˆβˆ(Σaˆbˆ)αˆγˆ , (A.17d)
εaˆbˆcˆdˆeˆ(Σ
bˆcˆ)αˆβˆ(Σ
dˆeˆ)γˆδˆ = (Γaˆ)αˆγˆεβˆδˆ + (Γaˆ)αˆδˆεβˆγˆ + (Γaˆ)βˆγˆεαˆδˆ + (Γaˆ)βˆδˆεαˆγˆ , (A.17e)
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where the Levi-Civita tensor εaˆbˆcˆdˆeˆ is defined to be completely antisymmetric with
normalization
ε01235 = −ε
01235 = 1 . (A.18)
The Levi-Civita tensor also satisfies the useful identity
εaˆ1···aˆr aˆr+1···a5εbˆ1···ˆbr aˆr+1···a5 = −r!(5− r)!δ
[aˆ1
bˆ1
· · · δaˆr ]
bˆr
. (A.19)
Some other useful relations are given by
(Γ[aˆ)αˆβˆ(Γ
bˆ])γˆδˆ = εαˆγˆ(Σ
aˆbˆ)βˆδˆ + εβˆδˆ(Σ
aˆbˆ)αˆγˆ − εαˆδˆ(Σ
aˆbˆ)βˆγˆ − εβˆγˆ(Σ
aˆbˆ)αˆδˆ , (A.20a)
(Σcˆ[aˆ)αˆβˆ(Σcˆ
bˆ])γˆδˆ = −
1
4
(
εαˆγˆ(Σ
aˆbˆ)βˆδˆ + εαˆδˆ(Σ
aˆbˆ)βˆγˆ + εβˆγˆ(Σ
aˆbˆ)αˆδˆ + εβˆδˆ(Σ
aˆbˆ)αˆγˆ
)
, (A.20b)
and
(ΓaˆΓbˆ)αˆ
βˆ = (Γaˆ)αˆ
γˆ(Γbˆ)γˆ
βˆ = −ηaˆbˆδβˆαˆ − 2(Σ
aˆbˆ)αˆ
βˆ , (A.21a)
(ΓaˆΓbˆΓcˆ)αˆ
βˆ =
(
− ηaˆbˆηcˆdˆ + ηcˆaˆηbˆdˆ − ηbˆcˆηaˆdˆ
)
(Γdˆ)αˆ
βˆ + εaˆbˆcˆdˆeˆ(Σdˆeˆ)αˆ
βˆ , (A.21b)
(ΓaˆΓbˆΓcˆΓdˆ)αˆ
βˆ = (ηaˆbˆηcˆdˆ − ηaˆcˆηbˆdˆ + ηaˆdˆηbˆcˆ)δβˆαˆ − ε
aˆbˆcˆdˆeˆ(Γeˆ)αˆ
βˆ
+2ηaˆbˆ(Σcˆdˆ)αˆ
βˆ − 2ηaˆcˆ(Σbˆdˆ)αˆ
βˆ + 2ηbˆcˆ(Σaˆdˆ)αˆ
βˆ
+2ηdˆcˆ(Σaˆbˆ)αˆ
βˆ − 2ηdˆbˆ(Σaˆcˆ)αˆ
βˆ + 2ηdˆaˆ(Σbˆcˆ)αˆ
βˆ , (A.21c)
(ΓaˆΓbˆΓcˆΓdˆΓeˆ)αˆ
βˆ = εaˆbˆcˆdˆeˆδβˆαˆ + (Γ
aˆ)αˆ
βˆ(ηbˆcˆηdˆeˆ − ηbˆdˆηcˆeˆ + ηcˆdˆηbˆeˆ)
+(Γbˆ)αˆ
βˆ(−ηcˆdˆηeˆaˆ + ηcˆeˆηdˆaˆ − ηdˆeˆηcˆaˆ)
+(Γcˆ)αˆ
βˆ(ηdˆeˆηaˆbˆ − ηdˆaˆηeˆbˆ + ηeˆaˆηdˆbˆ)
+(Γdˆ)αˆ
βˆ(−ηeˆaˆηbˆcˆ + ηeˆbˆηaˆcˆ − ηaˆbˆηeˆcˆ)
+(Γeˆ)αˆ
βˆ(ηaˆbˆηcˆdˆ − ηcˆaˆηbˆdˆ + ηbˆcˆηaˆdˆ) + 2εaˆbˆcˆdˆmˆ(Σmˆ
eˆ)αˆ
βˆ
+(Σmˆnˆ)αˆ
βˆ
(
− ηaˆbˆεcˆdˆeˆmˆnˆ + ηcˆaˆεbˆdˆeˆmˆnˆ − ηbˆcˆεaˆdˆeˆmˆnˆ
− ηdˆaˆεbˆcˆeˆmˆnˆ + ηdˆbˆεaˆcˆeˆmˆnˆ − ηdˆcˆεaˆbˆeˆmˆnˆ
)
. (A.21d)
B The conformal Killing supervector fields of R5|8
The 5D superconformal algebra F2(4) [26] can be identified with the algebra of
conformal Killing supervector fields of 5D N = 1 Minkowski superspace [32]. In this
appendix we spell out this construction.
Simple Minkowski superspace in five dimensions, R5|8, is parametrized by coordi-
nates zAˆ = (xaˆ, θαˆi ). The flat covariant derivatives DAˆ = (∂aˆ, D
i
αˆ)
∂aˆ :=
∂
∂xaˆ
, Diαˆ :=
∂
∂θαˆi
− i(Γbˆ)αˆβˆθ
βˆi∂bˆ , (B.1)
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satisfy the algebra:
{Diαˆ, D
j
βˆ
} = −2i(Γaˆ)αˆβˆ∂aˆ , [∂aˆ, D
j
βˆ
] = 0 , [∂aˆ, ∂bˆ] = 0 . (B.2)
The spinor covariant derivatives satisfy the reality condition (DiαˆF )
∗ = −(−1)ε(F )Dαˆi F
with F an arbitrary superfield of Grassmann parity ε(F ).
According to [32], the conformal Killing supervector fields
ξ = ξ¯ = ξaˆ(z)∂aˆ + ξ
αˆ
i (z)D
i
αˆ (B.3)
are defined to satisfy
[ξ,Diαˆ] = −(D
i
αˆξ
βˆ
j )D
j
βˆ
, (B.4)
which implies the fundamental equation
Diαˆξaˆ = 2i(Γaˆ)αˆ
βˆξi
βˆ
. (B.5)
From eq. (B.5) one finds
εij(Γaˆ)αˆβˆ∂
aˆξ bˆ = (Γbˆ)αˆγˆD
j
βˆ
ξ γˆi + (Γbˆ)βˆγˆD
i
αˆξ
γˆj , (B.6)
which gives us the usual equation for a conformal Killing vector field
∂(aˆξbˆ) =
1
5
ηaˆbˆ∂
cˆξcˆ . (B.7)
The conformal Killing vector acts on the spinor covariant derivatives as
[ξ,Diαˆ] = −ωαˆ
βˆDi
βˆ
+ ΛijDαˆj −
1
2
σDiαˆ , (B.8)
where the parameters ωαˆβˆ , σ and Λ
ij are given by the following expressions:
ωαˆβˆ :=
1
2
Dk(αˆξβˆ)k =
1
2
(Σaˆbˆ)αˆβˆ∂aˆξbˆ , (B.9a)
σ :=
1
4
Dαˆk ξ
k
αˆ =
1
5
∂aˆξaˆ , (B.9b)
Λij :=
1
4
D
(i
γˆ ξ
γˆj) . (B.9c)
As a consequence of eq. (B.7) we find the parameters satisfy the identities
∂aˆωbˆcˆ = −2ηaˆ[bˆ∂cˆ]σ , (B.10a)
∂aˆ∂bˆξcˆ = −ηaˆbˆ∂cˆσ + 2ηcˆ(aˆ∂bˆ)σ . (B.10b)
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Furthermore, as a consequence of eq. (B.5) we also find
Dkγˆωαˆβˆ = −2εγˆ(αˆD
k
βˆ)
σ , (B.11a)
DiαˆΛ
jk = 3εi(jD
k)
αˆ σ , (B.11b)
where σ obeys
DiαˆD
j
βˆ
σ = −iεij(Γaˆ)αˆβˆ∂aˆσ , (B.12)
and
∂aˆD
j
βˆ
σ = 0 . (B.13)
The above results tell us that we can parametrize superconformal Killing vectors
as follows
ξ ≡ ξ(Λ(P )aˆ,Λ(Q)αˆi ,Λ(M)aˆbˆ,Λ(D),Λ(K)
aˆ,Λ(S)αˆi) , (B.14)
where we have defined
Λ(P )aˆ := −ξaˆ|x=θ=0 , Λ(Q)
αˆ
i = −ξ
αˆ
i |x=θ=0 , (B.15a)
Λ(M)aˆbˆ := ωaˆbˆ|x=θ=0 , Λ(D) := σ|x=θ=0 , (B.15b)
Λ(K)aˆ := −
1
2
∂aˆσ|x=θ=0 , Λ(S)
αˆi := −
1
2
Dαˆiσ|x=θ=0 . (B.15c)
The commutator of two superconformal Killing vectors,
ξ = ξ(Λ(P )aˆ,Λ(Q)αˆi ,Λ(M)aˆbˆ,Λ(D),Λ(K)
aˆ,Λ(S)αˆi) (B.16)
and
ξ˜ = ξ(Λ˜(P )aˆ, Λ˜(Q)αˆi , Λ˜(M)aˆbˆ, Λ˜(D), Λ˜(K)aˆ, Λ˜(S)
αˆi) , (B.17)
is another superconformal Killing vector given by
[ξ, ξ˜] = (ξaˆ∂aˆξ˜
bˆ − ξ˜aˆ∂aˆξ
bˆ + ξαˆi D
i
αˆξ˜
bˆ − ξ˜αˆi D
i
αˆξ
bˆ + 2iξαˆk ξ˜
βˆk(Γbˆ)αˆβˆ)∂bˆ
+ (ξaˆ∂aˆξ˜
βˆ
j − ξ˜
aˆ∂aˆξ
βˆ
j + ξ
αˆ
i D
i
αˆξ˜
βˆ
j − ξ˜
αˆ
i D
i
αˆξ
βˆ
j )D
j
βˆ
≡ ξ(Λˆaˆ(P ), Λˆαˆi (Q), Λˆ(M)aˆbˆ, Λˆ(D), Λˆ(K)
aˆ, Λˆ(S)αˆi) , (B.18)
where
Λˆaˆ(P ) :=Λ(P )bˆΛ˜bˆ
aˆ + Λ(P )aˆΛ˜(D)− 2iΛ(Q)αˆk Λ˜(Q)
βˆk(Γaˆ)αˆβˆ
− Λ˜(P )bˆΛbˆ
aˆ − Λ˜(P )aˆΛ(D) , (B.19a)
Λˆαˆi (Q) := − i(Γaˆ)
αˆβˆΛ(P )aˆΛ˜(S)βˆi + Λ(Q)
βˆ
i Λ˜(M)βˆ
αˆ +
1
2
Λ(Q)αˆi Λ˜(D) + Λ(Q)
αˆ
j Λ˜(J)
j
i
+ i(Γaˆ)
αˆβˆΛ˜(P )aˆΛ(S)βˆi − Λ˜(Q)
βˆ
i Λ(M)βˆ
αˆ −
1
2
Λ˜(Q)αˆi Λ(D)− Λ˜(Q)
αˆ
j Λ(J)
j
i ,
(B.19b)
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Λˆ(M)aˆbˆ := 2Λ(M)
cˆ
[aˆΛ˜(M)bˆ]cˆ − 4Λ(P )[aˆΛ˜(K)bˆ] + 4Λ˜(P )[aˆΛ(K)bˆ] , (B.19c)
Λˆ(D) := 2Λ(P )aˆΛ˜(K)aˆ − 2Λ˜(P )
aˆΛ(K)aˆ + 2Λ(S)
αˆiΛ˜(Q)αˆi − 2Λ˜(S)
αˆiΛ(Q)αˆi ,
(B.19d)
Λˆ(K)aˆ :=Λ(M)aˆbˆΛ˜(K)bˆ + Λ(D)Λ˜(K)
aˆ − 2iΛ(S)αˆk Λ˜(S)
βˆk(Γaˆ)αˆβˆ
− Λ˜(M)aˆbˆΛ(K)bˆ − Λ˜(D)Λ(K)
aˆ , (B.19e)
Λˆ(S)αˆi := i(Γaˆ)
αˆβˆΛ(K)aˆΛ˜(Q)i
βˆ
+ Λ(S)βˆiΛ˜(M)βˆ
αˆ −
1
2
Λ(S)αˆiΛ˜(D) + Λ(S)αˆj Λ˜(J)
ji
− i(Γaˆ)
αˆβˆΛ˜(K)aˆΛ(Q)i
βˆ
− Λ˜(S)βˆiΛ(M)βˆ
αˆ +
1
2
Λ˜(S)αˆiΛ(D)− Λ˜(S)αˆj Λ(J)
ji .
(B.19f)
Associating with the superconformal Killing vector ξ the transformation
δξ = Λ(P )
aˆPaˆ +Λ(Q)
αˆ
i Q
i
αˆ +
1
2
Λ(M)aˆbˆMaˆbˆ +Λ(D)D+ Λ(K)
aˆKaˆ +Λ(S)
αˆiSαˆi (B.20)
and comparing to the above gives us the superconformal algebra (2.1).
C Modified superspace algebra
In section 4, we introduced a modified definition of the composite vector connec-
tions. It is actually possible to introduce this redefinition directly within the context
of superspace. The modified superspace vector derivative is
∇ˆaˆ = ∇aˆ −
1
4
W˜aˆbˆcˆM
bˆcˆ +
1
8
X βˆi(Γaˆ)βˆ
αˆSαˆi +
1
64
(
Y + 3W bˆcˆWbˆcˆ
)
Kaˆ
−
1
4
(∇cˆW˜cˆaˆ
bˆ)Kbˆ −
1
4
WaˆdˆW
bˆdˆKbˆ . (C.1)
The new vector derivative possesses a deformed S-supersymmetry transformation,
but it retains the original K-transformation,
[Sβˆi, ∇ˆaˆ] = i(Γaˆ)βˆ
αˆ∇αˆi −
1
2
Waˆ
bˆ(Γbˆ)βˆ
αˆSαˆi +
i
8
(ΓaˆΓ
bˆ)βˆ
γˆXγˆiKbˆ −
i
4
WaˆbˆβˆiK
bˆ , (C.2)
[Kbˆ, ∇ˆaˆ] = 2ηaˆbˆD+ 2Maˆbˆ . (C.3)
The spinor derivative remains unchanged, ∇ˆiαˆ = ∇
i
αˆ.
The new curvature tensors, given in their general form as
[∇ˆAˆ, ∇ˆBˆ] = −TˆAˆBˆ
Cˆ∇ˆCˆ −
1
2
Rˆ(M)AˆBˆ
cˆdˆMcˆdˆ − Rˆ(D)AˆBˆD
− Rˆ(J)AˆBˆ
ijJij − Rˆ(S)AˆBˆ
αˆiSαˆi − Rˆ(K)AˆBˆ
cˆKcˆ , (C.4)
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can be found by direct computation. For the algebra of two spinor derivatives, we
find
Tˆ
i
αˆ
j
βˆ
cˆ = 2iεij(Γcˆ)αˆβˆ , (C.5a)
Tˆ
i
αˆ
j
βˆ
γˆ
k = 0 , (C.5b)
Rˆ(M)iαˆ
j
βˆ
cˆdˆ = 2iεijεαˆβˆW
cˆdˆ + iεij(Γbˆ)αˆβˆW˜
bˆcˆdˆ , (C.5c)
Rˆ(D)iαˆ
j
βˆ
= 0 , (C.5d)
Rˆ(J)iαˆ
j
βˆ
kl = 0 , (C.5e)
Rˆ(S)iαˆ
j
βˆ
γˆk =
3i
4
εijεαˆβˆX
γˆk + iεijδγˆ[αˆX
k
βˆ]
, (C.5f)
Rˆ(K)iαˆ
j
βˆ
cˆ = −
i
2
εijεαˆβˆ∇ˆ
bˆWbˆ
cˆ +
i
2
εij(Γaˆ)αˆβˆ∇ˆ
dˆW˜dˆaˆ
cˆ −
i
32
εij(Γcˆ)αˆβˆY
+
i
4
εijεαˆβˆW˜cˆ
dˆeˆWdˆeˆ +
i
2
εij(Γaˆ)αˆβˆ
(
WaˆdˆW
cˆdˆ −
3
16
W bˆdˆWbˆdˆδaˆ
cˆ
)
. (C.5g)
The spinor-vector commutators lead to
Tˆbˆ
i
αˆ
cˆ = 0 , (C.6a)
Tˆbˆ
i
αˆ
γˆ
k =
1
4
δik
(
3(Γbˆ)αˆ
βˆWβˆ
γˆ −Wαˆ
βˆ(Γbˆ)βˆ
γˆ
)
, (C.6b)
Rˆ(D)bˆ
i
αˆ = −
1
4
(Γbˆ)αˆ
γˆX iγˆ , (C.6c)
Rˆ(J)bˆ
i
αˆ
jk = −
3
4
(Γbˆ)αˆ
γˆεi(jX
k)
γˆ , (C.6d)
Rˆ(M)bˆ
i
αˆ
cˆdˆ = −(Γbˆ)αˆ
γˆW cˆdˆiγˆ −
1
4
εbˆ
cˆdˆeˆfˆWeˆfˆ
i
αˆ +
1
2
δ
[cˆ
bˆ
(Γdˆ])αˆ
γˆX iγˆ , (C.6e)
Rˆ(S)bˆ
i
αˆ
γˆj =
1
16
Xcˆdˆ
ij(ΣcˆdˆΓbˆ − 2ΓbˆΣ
cˆdˆ)αˆ
γˆ
−
3i
8
εij ∇ˆ[bˆWcˆdˆ](Σ
cˆdˆ)αˆ
γˆ −
i
8
εij ∇ˆdˆW
dˆcˆ(Σcˆbˆ)αˆ
γˆ
+
3i
16
εij ∇ˆdˆWdˆbˆ δ
γˆ
αˆ −
i
8
εij ∇ˆcˆW˜cˆbˆ
dˆ(Γdˆ)αˆ
γˆ
+
i
16
εijW˜ cˆdˆeˆWdˆeˆ(Σcˆbˆ)αˆ
γˆ −
3i
32
εijW˜bˆdˆeˆW
dˆeˆδαˆ
γˆ
+
i
4
εijWbˆdˆW
cˆdˆ(Γcˆ)αˆ
γˆ −
3i
64
εijW cˆdˆWcˆdˆ(Γbˆ)αˆ
γˆ , (C.6f)
Rˆ(K)bˆ
i
αˆ
cˆ =
1
6
(Γcˆ)αˆ
βˆ∇ˆdˆWdˆbˆ
i
βˆ
+
1
12
(Γbˆ)αˆ
βˆ∇ˆdˆW dˆ
cˆi
βˆ
+
1
6
∇ˆαˆ
βˆWbˆ
cˆi
βˆ
−
1
24
εbˆ
cˆdˆeˆfˆ∇ˆdˆWeˆfˆ
i
αˆ
+
1
8
(Γcˆ)αˆ
βˆ∇ˆbˆX
i
βˆ
+
1
64
W dˆeˆ(3ΓbˆΣdˆeˆΓ
cˆ − ΣdˆeˆΓbˆΓ
cˆ)αˆ
βˆX i
βˆ
−
1
48
W˜bˆdˆeˆ(Γ
cˆ)αˆ
βˆW dˆeˆi
βˆ
+
1
8
δbˆ
cˆW dˆeˆWdˆeˆ
i
αˆ
+
1
12
(Σbˆ
cˆ)αˆ
βˆWdˆeˆ
i
βˆ
W dˆeˆ −
1
12
W dˆeˆ(Σdˆeˆ)αˆ
βˆWbˆ
cˆ
βˆ
i
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+
13
48
WbˆdˆW
dˆcˆi
αˆ +
11
48
Wbˆdˆ
i
αˆW
dˆcˆ −
13
96
(Γbˆ)αˆ
βˆWdˆeˆ
i
βˆ
W˜ dˆeˆcˆ . (C.6g)
The vector-vector commutator is given by
Tˆaˆbˆ
cˆ = 0 , (C.7a)
Tˆaˆbˆ
αˆ
i = −
i
2
Waˆbˆ
αˆ
i , (C.7b)
Rˆ(D)aˆbˆ = 0 , (C.7c)
Rˆ(J)aˆbˆ
ij = −
3i
4
Xaˆbˆ
ij , (C.7d)
Rˆ(M)aˆbˆ
cˆdˆ = −
1
4
(Σaˆbˆ)
αˆβˆ(Σcˆdˆ)γˆδˆ
(
iWαˆβˆγˆδˆ + 3W(αˆβˆWγˆδˆ)
)
, (C.7e)
Rˆ(S)aˆbˆ
i
αˆ = −
1
2
∇ˆαˆ
βˆWaˆbˆβˆ
i −
1
2
(Γ[aˆ)αˆ
βˆ∇ˆcˆWbˆ]cˆβˆ
i
−
1
8
Wαˆ
βˆWaˆbˆβˆ
i +
1
16
(Σaˆbˆ)αˆ
βˆW cˆdˆWcˆdˆβˆ
i +
3
8
W cˆ[aˆWbˆ]cˆαˆ
i , (C.7f)
Rˆ(K)aˆbˆ
cˆ =
1
4
∇ˆdRˆ(M)aˆbˆ
cˆdˆ −
i
16
Waˆb
αˆ
j (Γ
cˆ)αˆ
βˆXj
βˆ
−
i
8
Wdˆ[aˆ
αˆ
j (Γbˆ])αˆ
βˆW cˆdˆ
βˆ
j
+
i
8
Waˆdˆ
αˆ
i (Γ
cˆ)αˆ
βˆWbˆ
dˆ
βˆ
i . (C.7g)
D Conventions for 5D conformal supergravity
For the convenience of the reader, we provide in Table 1 a brief translation scheme
between our conventions and the other groups’. A similar table may be found in [31].
We must be careful to note that the definitions of supersymmetry are different
between the various groups, with the differences amounting not only to normalizations
but also to additional field-dependent S and K transformations in the definition of
δQ. In other words, given a transformation δQ + δS + δK in our conventions with
respective parameters ξiαˆ, η
i
αˆ and Λ
aˆ
K , we will find a transformation δ
′
Q+ δ
′
S + δ
′
K with
new parameters εi, η′i and Λ′aK given in Table 2.
It should be emphasized that each group uses the same vector derivative Da, cor-
responding to our ∇ˆaˆ, modulo differing overall normalizations of the superconformal
generators. The additional gravitino-dependent terms in the S-supersymmetry and
special conformal connections in Table 1 cancel against additional terms found within
δQ, so that the vector derivative is unchanged.
For completeness, we also give in Table 3 the relation between our conventions for
the vector multiplet and the other groups.
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Our conventions de Wit and Katmadas Bergshoeff et al. Fujita et al.
ηaˆbˆ ηab ηab −ηab
Γaˆ −iγa iγa γa
Σaˆbˆ 1
2
γab 1
2
γab −1
2
γab
εaˆbˆcˆdˆeˆ −iεabcde −εabcde εabcde
ψmˆ
i ψµ
i ψµ
i 2ψµ
i
Vmˆij −
1
2
Vµj
i −Vµij Vµij
ωˆmˆ
aˆbˆ ωµ
ab −ωµab −ωµab
i φˆmˆ
i φµ
i −φµi +
1
3
Tabγ
abψµ
i 2φµ
i − 2
3
vabγ
abψµ
i
fˆmˆ
aˆ −fµa +
1
3
ψµiγ
aχi −fµa +
1
3
ψµ
iγaχi −fµa +
i
24
ψµ
iγaχi
waˆbˆ −4T ab 16
3
T ab 4
3
vab
χi χi χi 1
32
χi
D D D 1
16
(D − 8
3
vabvab)
Rˆ(Q)aˆbˆ
i 1
2
R(Q)ab
i 1
2
Rˆ(Q)ab
i Rˆ(Q)ab
i
Rˆ(M)aˆbˆ
cˆdˆ R(M)ab
cd −Rˆ(M)abcd −Rˆ(M)abcd
Rˆ(J)aˆbˆ
i
j −
1
2
R(V)abji −Rˆ(V )abij Rˆ(U)abij
i Rˆ(S)aˆbˆ
i 1
2
R(S)ab
i −1
2
Rˆ(S)ab
i + 1
6
Tcdγ
cdRˆ(Q)ab
i Rˆ(S)ab
i − 1
3
vcdγ
cdRˆ(Q)ab
i
Rˆ(K)aˆbˆ
cˆ −R(K)abc +
1
3
R(Q)abiγ
cχi −Rˆ(K)abc +
1
3
Rˆ(Q)ab
iγcχi −Rˆ(K)abc +
i
24
Rˆ(Q)ab
iγcχi
Table 1: Conventions for Weyl multiplet
de Wit and Katmadas Bergshoeff et al. Fujita et al.
εi = 2 ξi εi = 2 ξi εi = ξi
η′i = 2iηi η′i = −2iηi + 2
3
Tabγ
abξi η′i = iηi + 1
3
vabγ
abξi
Λ′aK = −Λ
a
K +
2
3
ξiγ
aχi Λ′aK = −Λ
a
K +
2
3
ξiγaχi Λ
′a
K = −Λ
a
K +
i
24
ξiγaχi
Table 2: Conventions for δQ + δS + δK
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Our conventions de Wit and Katmadas Bergshoeff et al. Fujita et al.
W σ −σ M
λi Ωi ψi −2Ωi
X ij 2Y ij −2Y ij 2Y ij
Table 3: Conventions for vector multiplet
E The O(2) multiplet prepotential from harmonic
superspace
In this appendix we use the harmonic superspace techniques [57] extended to the
5D N = 1 super-Poincare´ case (see [2, 49] for the technical details regarding the
N = 1 harmonic superspace in five dimensions) to derive a prepotential formulation
for the O(2) multiplet. In Appendix G, the same techniques will be used to derive
unconstrained prepotentials for the O(4 + n) multiplets, n = 0, 1, . . . , in 5D N = 1
Minkowski superspace.40
We consider an O(2) multiplet Gij(z) in 5D N = 1 Minkowski superspace and
associate with it the analytic superfield G++(z, u+) = Gij(z)u+i u
+
j . The latter is
constrained by
D+αˆG
++ = 0 , D++G++ = 0 , (E.1)
where D++ := u+i∂/∂u−i. As in the 4D N = 2 super-Poincare´ case [98], the analytic
projector on the space of O(2) multiplets41 is
Π
(2,2)
L (ζ1, ζ2) = −(Dˆ
+
1 )
4(Dˆ+2 )
4 1
✷
δ5|8(z1 − z2)
(u+1 u
+
2 )
2
, (E.2)
where
(Dˆ+)4 = −
1
32
(Dˆ+)2 (Dˆ+)2 , (Dˆ+)2 = D+αˆD+αˆ , (E.3)
and ζ denotes the coordinates of the analytic subspace. The properties of Π
(2,2)
T (ζ1, ζ2)
are:
D+αˆ1 Π
(2,2)
T (ζ1, ζ2) = D
+αˆ
2 Π
(2,2)
T (ζ1, ζ2) = 0 , (E.4a)
40The harmonic and projective superspace descriptions of the O(n) multiplets are completely
equivalent [97].
41This projector plays an important role in computing the one-loop effective action for N = 4
SYM in four dimensions [99].
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D++1 Π
(2,2)
T (ζ1, ζ2) = D
++
2 Π
(2,2)
T (ζ1, ζ2) = 0 , (E.4b)∫
dζ
(−4)
3 Π
(2,2)
T (ζ1, ζ3) Π
(2,2)
T (ζ3, ζ2) = Π
(2,2)
T (ζ1, ζ2) , (E.4c)(
Π
(2,2)
T (ζ1, ζ2)
)T
= Π
(2,2)
T (ζ2, ζ1) . (E.4d)
For any O(2) multiplet G++ we have
G++(z1, u
+
1 ) ≡ G
++(ζ1) =
∫
dζ
(−4)
2 Π
(2,2)
L (ζ1, ζ2)G
++(ζ2) . (E.5)
Introduce a superfield Ξ−−(z, u) such that (Dˆ+)4Ξ−− = G++. Then we can rewrite
(E.5) as follows
G++(ζ1) =
∫
d5|8z2 du2Π
(2,2)
L (ζ1, ζ2)Ξ
−−(z2, u2) . (E.6)
In the expression (E.2) we represent
(Dˆ+2 )
4δ5|8(z1 − z2) = −
1
32
(Dˆ+2 )
2(Dˆ+2 )
2δ5|8(z1 − z2)
= −
1
32
(Dˆ+2 )
2u+i2 u
+j
2 Dˆ2 ijδ
5|8(z1 − z2)
= −
1
32
(Dˆ+2 )
2u+i2 u
+j
2 Dˆ1 ijδ
5|8(z1 − z2)
= −
1
32
u+i2 u
+j
2 Dˆ1 ij(Dˆ
+
2 )
2δ5|8(z1 − z2) . (E.7)
We plug this expression in (E.2) and make use of the identity
Ψ+2 = (u
+
1 u
+
2 ) Ψ
−
1 − (u
−
1 u
+
2 ) Ψ
+
1 , Ψ
± = Ψi u±i (E.8)
in conjunction with Dαˆ+1 (Dˆ
+
1 )
4 = (Dˆ+1 )
4Dαˆ+1 = 0. This gives
Π
(2,2)
L (ζ1, ζ2) =
1
32
(Dˆ+1 )
4(Dˆ−1 )
2(Dˆ+2 )
2 1
✷
δ5|8(z1 − z2) . (E.9)
As a result, relation (E.6) becomes equivalent to
G++(z, u+) = (Dˆ+)4(Dˆ−)2Ω(z) . (E.10)
F Gauge freedom for the O(2) multiplet
Let us show that the gauge transformation of the O(2) multiplet prepotential Ω,
eq. (7.10), leaves invariant the superfield G(2) defined by (7.5). We need to prove that
the superfield
Ω(B) = −
i
2
∇kαˆ∇
l
βˆ
Bαˆβˆkl , Bαˆβˆ
ij = (Γaˆ)αˆβˆBaˆ
ij , (F.1)
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is annihilated by the operator i∆ijkl∇kl. It is useful to employ the equivalent expres-
sion for Ω(B) given by
Ω(B) = −
i
2
∇(1)αˆ
(
∇(1)
βˆ
Bαˆβˆ(−2) − 2∇(−1)
βˆ
Bαˆβˆ(0)
)
−
i
2
∇(−1)αˆ ∇
(−1)
βˆ
Bαˆβˆ(2) +∇αˆβˆB
αˆβˆ(0) , (F.2a)
B
(2)
aˆ := vivjBaˆ
ij , B
(0)
aˆ :=
viuj
(v, u)
Baˆ
ij , B
(−2)
aˆ :=
uiuj
(v, u)2
Baˆ
ij . (F.2b)
By using
∇(−2)∇(−1)αˆ ∇
(−1)
βˆ
= −
1
4
εαˆβˆ∇
(−2)∇(−2) , (F.3)
and ∆(4)∇(1)αˆ = 0, we obtain
i∆(4)∇(−2)Ω(B) = −
1
2
∆(4)[∇(1)αˆ ,∇
(−2)]
(
∇(1)
βˆ
Bαˆβˆ (−2) − 2∇(−1)
βˆ
Bαˆβˆ(0)
)
+i∆(4)∇(−2)∇αˆβˆB
αˆβˆ (0) . (F.4)
By making use of
[∇αˆβˆ,∇
j
γˆ] = (Γ
aˆ)αˆβˆ(Γaˆ)γˆδˆ[W ,∇
δˆj ] , [∇αˆβˆ,∇
βˆj ] = −5[W ,∇jαˆ] , (F.5)
it can be seen that
[∇(1)αˆ ,∇
(−2)] = −4i
(
∇γˆ(−1)∇αˆγˆ +∇
(−1)
αˆ W − 2[W ,∇
(−1)
αˆ ]
)
. (F.6)
Note that in performing this calculation we will keep implicit as long as possible
the expression (2.30) for the operator W in the covariant derivative algebra (2.27).
Plugging eq. (F.6) into (F.4), after some algebra one can obtain
i∆(4)∇(−2)Ω(B) = i∆(4)
{
tr[ΓaˆΓbˆΓcˆ]
(
4i∇aˆ∇bˆB
(−2)
cˆ − (Γbˆ)
γˆ′βˆ′∇(−1)γˆ′ ∇
(−1)
βˆ′
∇aˆB
(0)
cˆ
)
−
1
2
tr[ΓaˆΓbˆΓaˆ]∇
ρˆ(−1)
(
[W ,∇(1)ρˆ ]B
(−2)
bˆ
− 2[W ,∇(−1)ρˆ ]B
(0)
bˆ
)
−
1
2
tr[ΓaˆΓbˆΓaˆΓ
cˆ](Γbˆ)ρˆτˆ∇
ρˆ(−1)
(
[W ,∇τˆ(1)]B(−2)cˆ − 2[W ,∇
τˆ(−1)]B
(0)
cˆ
)
− 4i[W ,∇αˆβˆ]B(−2)
αˆβˆ
− 8i∇αˆβˆW B(−2)
αˆβˆ
+ 2∇(−1)αˆ [W ,∇
(1)
βˆ
]Bαˆβˆ (−2)
− 4∇(−1)αˆ ∇
(−1)
βˆ
W Bαˆβˆ(0) − 4{∇(1)αˆ , [∇
(−1)
βˆ
,W ]}Bαˆβˆ(−2)
+ 4∇(−1)αˆ [W ,∇
(−1)
βˆ
]Bαˆβˆ(0) − 8{[W ,∇(−1)αˆ ],∇
(−1)
βˆ
}Bαˆβˆ(0)
}
. (F.7)
Some terms in the previous expression are identically zero. First of all note that due
to (A.21b) we have
tr[ΓaˆΓbˆΓcˆ] = 0 . (F.8)
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Then the first two lines in (F.7) are zero. Moreover, the Bianchi identity (2.28) implies
(Γaˆ)
αˆβˆ{[W ,∇(−1)αˆ ],∇
(−1)
βˆ
} = 0 , (F.9)
which removes the last term in (F.7). Once we use
tr[ΓaˆΓbˆΓcˆΓdˆ] = 4(ηaˆbˆηcˆdˆ − ηaˆcˆηbˆdˆ + ηaˆdˆηbˆcˆ) , tr[ΓaˆΓbˆΓaˆΓ
cˆ] = −12ηbˆcˆ , (F.10)
which follow from (A.21c), (F.7) can be brought to the following form:
i∆(4)∇(−2)Ω(B) = i∆(4)
{
− 4i[W ,∇αˆβˆ]B(−2)
αˆβˆ
− 8i∇αˆβˆW B(−2)
αˆβˆ
+ 8∇(−1)αˆ [W ,∇
(1)
βˆ
]Bαˆβˆ(−2) − 4{∇(1)αˆ , [∇
(−1)
βˆ
,W ]}Bαˆβˆ (−2)
− 8∇(−1)αˆ [W ,∇
(−1)
βˆ
]Bαˆβˆ(0) − 4∇(−1)αˆ ∇
(−1)
βˆ
W Bαˆβˆ(0)
}
. (F.11)
As a next step, we can simplify the second term in the second line. In fact, the
Bianchi identity (2.28) implies
(Γaˆ)
αˆβˆ{∇(1)αˆ , [∇
(−1)
βˆ
,W ]} = −(Γaˆ)
αˆβˆ{∇(−1)αˆ , [∇
(1)
βˆ
,W ]} , (F.12)
which together with the super-Jacobi identity, can be used to derive the following
result
(Γaˆ)
αˆβˆ{∇(1)αˆ , [∇
(−1)
βˆ
,W ]} = −
1
2
(Γaˆ)
αˆβˆ[W , {∇(1)αˆ ,∇
(−1)
βˆ
}] = −i(Γaˆ)
αˆβˆ[W ,∇αˆβˆ] . (F.13)
If we use this expression in (F.11), we arrive at the simple result
i∆(4)∇(−2)Ω(B) = i∆(4)
{
8∇(−1)αˆ [W ,∇
(1)
βˆ
]Bαˆβˆ(−2) − 8∇(−1)αˆ [W ,∇
(−1)
βˆ
]Bαˆβˆ(0)
+ 4∇(−1)αˆ ∇
(1)
βˆ
W Bαˆβˆ(−2) − 4∇(−1)αˆ ∇
(−1)
βˆ
W Bαˆβˆ(0)
}
i∆(4)∇(−2)Ω(B) = −
4iuiuj
(v, u)2
∆(4)
{
2∇(iαˆ [W ,∇βˆk]B
αˆβˆj)k +∇(iαˆ∇βˆkW B
αˆβˆ j)k
}
. (F.14)
Now we use the explicit expression of W and obtain
W Bαˆβˆ ij = 2W [αˆγˆB
βˆ]γˆ ij , (F.15a)
[W ,∇βˆk]B
αˆβˆjk = −Wβˆδˆ∇
δˆ
kB
αˆβˆjk − 5XβˆkB
αˆβˆjk = −∇γˆkWγˆβˆB
αˆβˆjk . (F.15b)
Equation (F.14) then becomes
i∆(4)∇(−2)Ω(B) = −
8iuiuj
(v, u)2
∆(4)∇iαˆ∇βˆkW
(αˆ
γˆB
βˆ)γˆ jk
i∆(4)∇(−2)Ω(B) = 8i∆(4)∇(1)(αˆ∇
(−1)
βˆ)
W (αˆγˆB
βˆ)γˆ (−2) ≡ 0 . (F.16)
This completes the proof that the operator ∆(4)∇(−2) annihilates the superfield (F.1).
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G Prepotentials for O(4+n) multiplets, n = 0, 1, . . . ,
from harmonic superspace
Here we consider an O(4) multiplet G(4)(z, u) = Gijkl(z)u+i u
+
j u
+
k u
+
l realized in 5D
N = 1 harmonic superspace,
D+αˆG
(4) = 0 , D++G(4) = 0 . (G.1)
It may be represented as
G(4)(u) = (Dˆ+)4V (u) , (G.2)
where
V (u) = V0 +
∞∑
n=1
V (i1...i2n)u+i1 . . . u
+
in
u−in+1 . . . u
−
i2n
≡ V0 +V(u) (G.3)
obeys the equation
D++V = D++V = D+αˆΣ+αˆ , (G.4)
for some spinor superfield Σ+αˆ (u). We note that V (u) is defined modulo abelian gauge
transformations of the form:
V → V˜ = V˜0 + V˜ := V +D
+αˆλ−αˆ , (G.5)
where λ−αˆ (u) is arbitrary. We now consider the following harmonic equation
D++λ−αˆ = −Σ
+
αˆ , (G.6)
with Σ+αˆ given. This equation proves to have a unique solution λ
−
αˆ (u). Upon applying
the above gauge transformation, we obtain
D++V˜ = 0 =⇒ V˜ = V˜0 . (G.7)
As a result, the O(4) multiplet can always be represented in the form
G(4)(u) = (Dˆ+)4V , (G.8)
with the prepotential V being harmonic independent.
Given a non-negative integer n = 1, 2, . . . , consider an O(4 + n) multiplet
G(4+n)(z, u) = Gi1...i4+n(z)u+i1 . . . u
+
i4+n
, (G.9)
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realized in 5D N = 1 harmonic superspace,
D+αˆG
(4+n) = 0 , D++G(4+n) = 0 . (G.10)
The superfield G(4+n) may be represented as
G(4+n)(u) = (Dˆ+)4V (n)(u) , (G.11)
where
V (n)(u) = V0
i1...inu+i1 . . . u
+
in
+
∞∑
m=1
V (i1...in+2m)u+i1 . . . u
+
in+m
u−in+m+1 . . . u
−
in+2m
≡ V (n)0 (u) +V
(n)(u) (G.12)
obeys the equation
D++V (n) = D++V(n) = D+αˆΣ
(n+1)
αˆ , (G.13)
for some harmonic superfield Σ
(n+1)
αˆ (u). By construction, the prepotential V
(n) is
defined modulo gauge transformations
V (n) → V˜ (n) = V˜ (n)0 + V˜
(n) := V (n) +D+αˆλ
(n−1)
αˆ , (G.14)
for an arbitrary harmonic superfield λ
(n−1)
αˆ (u). It is possible to choose the gauge
parameter λ
(n−1)
αˆ (u) to be a solution of the harmonic equation
D++λ
(n−1)
αˆ = −Σ
(n+1)
αˆ . (G.15)
Such a solution always exists and is not unique for n > 0. Upon applying such a
finite gauge transformation, we observe that the transformed prepotential V˜ (n)(u) is
characterized by
D++V˜(n) = 0 . (G.16)
We conclude that the O(4 + n) multiplet can be represented in the form:
G(4+n)(u) = (Dˆ+)4V (n)(u) , V (n)(u) = V i1...inu+i1 . . . u
+
in
. (G.17)
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